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1. Introduction. 

The main goal of these notes is to present a more-or-less self-contained 
discussion of some of the recent results and techniques of Berman- 
Boucksom in the setting of weighted pluripotential theory. We follow 
mainly the arguments of Berman-Boucksom in [3], [5] and [B] as well as 
the Berman paper [3] and the paper of Berman-Boucksom- Nystrom [7J 
These notes are for comprehension purposes only, not for publication; 
the key results are from [3], [5], j6], [7J and [3]. In particular, these 
notes provide 

(1) a proof of Rumely's formula relating the transfmite diameter of 
a compact set K in C d with certain integrals involving the Robin 
function of K, as well as weighted versions of the formula; 

(2) a proof that asymptotically Fekete arrays distribute asymptoti- 
cally to the Monge- Ampere measure \ix '■= {dd c V^) d of the 
global extremal function V£, and, more generally, that asymp- 
totically weighted Fekete arrays distribute asymptotically to the 
weighted Monge- Amp ere measure ^k,q '■= (dd c V£q) d of 
the weighted global extremal function V^ q] 

(3) a proof that (weighted) optimal measures distribute asymptot- 
ically like the (weighted) Monge- Ampere measure \ik (^k,q)', 

(4) general results on strong Bergman asymptotics for Bernstein- 
Markov pairs (K, /i) where fi is a measure on K, as well as for 
weighted Bernstein-Markov triples (K,n,Q). 

We provide some background results on pluripotential theory and 
weighted pluripotential theory. Many items which are nowadays con- 
sidered fundamental (albeit not necessarily elementary to prove) are 
stated without proof but with references. In particular, Appendix B in 
[28] as well as [9] are good sources for weighted pluripotential theory. 
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A note to those not yet initiated in this area: the weighted theory is 
essential for proving even the unweighted versions of (l)-(4). 

We would like to thank several people for valuable comments regard- 
ing portions of this material; in alphabetical order, here is a subset: 
Muhammed Ali Alan, Tom Bagby, Tom Bloom, Len Bos, Dan Coman 
and Eugene Poletsky. The biggest thanks, of course, go to Robert 
Berman and Sebastien Boucksom for their deep and beautiful work, as 
well as their patience with my questions. My main reason for writ- 
ing these notes is to advertise their contributions to the pluripotential 
theory community. 
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2. Background. 

2.1. Extremal functions and extremal measures. In pluripoten- 
tial theory, one considers E C C d compact or, slightly more general, 
E C C d is a bounded Borel set. The global extremal function or global 
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pluricomplex Green function of E is given by V E (z) := limsup^^ Ve(C) 
where 

V E (z) := sup{u(z) : u G L(C d ), «<0on E}. 

Here, L(C d ) is the set of all plurisubharmonic (psh) functions u on 
<C d with the property that u(z) — log|z| = 0(1), \z\ — > oo. Either 
V E G L + (C d ) where " 

L + {C d ) = {ue L{C d ) : u(z) > log + |z| + C} 

and C is a constant depending on u, or V E = +00. This latter situation 
happens precisely when .E is pluripolar. If E is compact, 

V E (z) = SU p{-^--\og\p(z)\ : \\p\\ E < 1} 

where p is a polynomial. We call 

the extremal measure for i? if ^ is not pluripolar. Here, gM c = 2idd 
although in Appendix 2 we incorporate a factor of 2ir. 

In the weighted theory, one restricts to closed sets but, for certain 
weights, these sets may be unbounded. To be precise, let K C C d 
be closed and let w be an admissible weight function on K: w is a 
nonnegative, use function with {z e K : w(z) > 0} nonpluripolar; if K 
is unbounded, we require that w satisfies the growth property 

(2.1) — > as \z\ — > 00, 26 K. 

Let Q := — log if - we use Q and w interchangeably - and define the 
weighted extremal function or weighted pluricomplex Green function 
v k,q( z ) ■= limsup f _, z V k ,q(C) where 

V KjQ {z) := sup{u(z) : u G L{C d ), u < Q on K}. 

We have V^ q G L + (C d ). In the unbounded case, note that property 
fl2.ll) is equivalent to 

Q(z) — log \z\ — > +00 as \z\ — > 00 through points in K. 

Due to this growth assumption for Q, Vk,q is well-defined and equals 
VKnB R ,Q for i? > sufficiently large where Br = {z : \z\ < R} (Defini- 
tion 2.1 and Lemma 2.2 of Appendix B in [28]). It is known that the 
support 

S w := supp(/xk,q) 
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of the weighted extremal measure 

v** ■= ^ dd ° v ^ d 

is compact - this plays a very important role in what follows; 
(2.2) S w C S* w := {z € K : V^ Q (z) > Q(z)}; 

moreover, 

v k,q = Q q- e - on s w 

(i.e., V^g = Q on S w — F where F is pluripolar); and if u £ L(C d ) 

satisfies u < Q q.e. on S w then u <V^ q on C d . Indeed, 

(2.3) 

Vk,q(z) = sn Pi deg ^ lQ g \p( z )\ '■ \\ wdegip) P\\s w < 1, p polynomial} 
and 

lk de9(p) p||5,„ = ||w de9(p Vllx- 

Theorem 2.8 of Appendix B in [28] includes the slightly stronger state- 
ment that 

Vl Q (z) = [sup{^ylogb(*)| : \\w de ^p\\*K < 1, P polynomial}]* 
where 



\w 



deg(P) p \\* K ■= M{\\w de9ip) p\\ K \ F :FCK pluripolar}. 



The unweighted case is when K is compact and w = 1 (Q = 0); we 
then write Vr- := Vk,o to be consistent with the previous notation. 

Even in one variable (d = 1) the weighted theory introduces new 
phenomena from the unweighted case. As an elementary example, fix 
puts no mass on the interior of K (in one variable, the support of 
Hk is the outer boundary of K); but this is not necessarily true in 
the weighted setting. As a simple but illustrative example, taking K 
to be the closed unit ball {z : \z\ < 1} and Q(z) = \z\ 2 , it is easy 
to see that Vk,q = Q on the ball {z : \z\ < l/\/2} and Vk,q(z) = 
log \z\ + 1/2 — log(l/\/2) outside this ball. Indeed, taking K = C d and 
the same weight function Q(z) = \z\ 2 , one obtains the same weighted 
extremal function Vk,q\ this illustrates one of the results in subsection 

an 

A compact set K is called regular if Vk = V^; i.e., Vk is continuous; 
and K is locally regular if for each z G K, the set K is locally regular 
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at z; i.e., the sets K n B r (z) are regular for r > where B r (z) denotes 
the ball of radius r centered at z. If K is locally regular and Q is 
continuous, then Vk,q is continuous (cf, [31]). Indeed, if K is compact 
and Vk,q is continuous for every continuous admissible weight Q on K, 
then if is locally regular (Proposition 6.1 (23]). If K is an arbitrary 
compact set, then for e > 0, 

K e := {z e C d : tiast(z,K) < e} 

is a regular compact set and 

limV^ = V K \ 

indeed, V Kl/ . f V K as j t oo (cf., Corollary 5.1.5 of [22]). In the 
weighted case, given a compact, nonpluripolar set K and an admissible 
weight w on if, we can find a sequence of locally regular compacta {Kj} 
decreasing to K and a sequence of weights {uij} with u>j continuous and 
admissible on Kj such that Wj j. w on K. In this setting, 



A proof of (12 .4p can be found in [12] (equation (7.4)). We give a con- 
struction of such locally regular compacta {Kj} and weights {vjj} in 
Proposition 17.91 of Appendix 1. 

A bit of notation: if Q is an admissible weight on C d , then we write 
Vq := V^dn. Note that an admissible weight Q on a closed set K can 
always be extended in a trivial way to all of C d by setting Q := +oo 
on C d \ K so that V Q = V K>Q . 

We often want to emphasize the relation between the weight Q and 
the weighted extremal function V£q, so we may write 

(2.5) P(Q) = P K (Q) : =VI Q 

especially in section 14.21 Two elementary observations are that this 
"projection" operation P is increasing and concave. Precisely, if Qi < 
Q 2 are admissible weights on E, then trivially P(Qi) < P(Q2)] and if 
< s < 1 and a, a' are admissible weights on E, 



Note that sa + (1 — s)a', being a convex combination of a, a', is an 
admissible weight on E. Then (12. 6p follows since the right-hand-side 
is a competitor for the weighted extremal function on the left-hand- 
side. Also, for future use, we show that P is Lipschitz; i.e., if a, b are 



(2.4) 



(2.6) 



P(sa + (1 - s)a') > sP(a) + (1 - s)P(a'). 
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admissible weights on E and < t < 1 then on C d , 

(2.7) \P(a + t(b-a)) - P(a)\ <Ct 

where C = C(a,b). Similarly, if u G C(E), we have, for t G R, 

(2.8) \P(a + tu)-P(a)\<C\t\ 
where C = C{u). To see these, first observe that 

P(a + t(b -a))<a + t(b - a) 
on C d so that, on D(0) := {P(a) = a}, 

P(a + t(b — a)) < a + \t\ sup \b — a\ 

D(0) 

which implies, by the definition of P{a), equation (12.21) and the remark 
following, that 

P(a + t(b - a)) < P(a) + \t\ sup \b - a\ 

D(0) 

on C d . Similarly, 

P(a) < a 

on C d so that 

P(a) <a = P{a + t(b - a)) - t(b - a) 
on D(t) := {P(a + t(b — a)) = a + t(b — a)} which implies 
P(a) < P(a + t(b - a)) + \t\ sup \b - a\ 

D(t) 

on D(t). Thus again by the definition of P(a + t(b — a)), equation (12.21) 
and the remark following, 

P(a) < P(a + t(b - a)) + \t\ sup \b - a\ 

D(t) 

on C d . This gives (12.71) with C = maxfsup^g) \b — a|,sup D (^ \b — a\] 
or (I2.8P with C = sup E \u\. In the former case, if E is unbounded, in 
order that max [sup \b — a\, sup D ^ |6 — a\] is a finite constant which 
is independent of t, we assume that 

(2.9) U <<<i D(t) is bounded and u := b - a G L°°(Li <t<iD(t)). 

Then (12. 7p holds. This observation will be used in the proof of Theorem 
14.11 Of course in both cases, if E is compact, C is finite. 
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Associated to the asymptotic behavior of the weighted pluricomplex 
Green function V£ q is its Robin function 

Pk,q{z) ■= limsup[V£ Q (Az) - log |A|]. 

|A|— >oo 

We write px '■= Pk,o in the unweighted case. This is a logarithmically 
homogeneous psh function in L(C d ). A "projectivized" version is 

(2.10) p K , Q (z) :=limsup[V£ g (A20-log|A*|]. 

|A| — s>oo 

Indeed, given any function u G L(C d ), we can form the Robin function 
p u {z) ■= limsup[-u(Az) — log |A|] 

|A| — >oo 

and the "projectivized" Robin function 

p u {z) '■= limsup[w(A2:) — log |Az|]. 

|A|— >oo 

Since p(tz) = p(z) for t G C \ {0}, we can consider p as a function on 
lines through the origin in C d ; i.e., as a function on P d_1 . In general, 
either p u = — oo or p u is a logarithmically homogeneous psh function 
in L(C d ). This latter case always occurs if, e.g., u G L + {C d ). In this 
case p u is bounded (above and below). 

We record two results related to the classes L(C d ) and L + (C d ). The 
first is a domination principle and the second is a comparison principle 
in L + (C d ). The first result is Lemma 6.5 in pQ. 

Proposition 2.1. Let u G L + (C d ) and v G L(C d ). If v < u a.e- 
(dd c u) d , then v < u in C d . 

Proposition 2.2. Let Ui,u 2 G L + (C d ). Then 




Note that the integrand may be unbounded but since Ui,u 2 G L + (C d ) 
each integral is finite (indeed, bounded above by (27r) d ). 

Proof. By adding a constant to Ui, if necessary, we may assume U\ > 0. 
Then for e > 0, we have 

{(1 + e)m < u 2 } C {ui < u 2 } 
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and {(1 + e)ui < u 2 } is bounded. By the standard comparison theorem 
for locally bounded psh functions on bounded domains (cf., Theorem 
3.7.1, [22]), 

(2.11) I {dd c u 2 ) d < (1 + e) d [ (dd c 
Clearly 

00 

|J{(1 + l/j)ut < u 2 } = {ut < u 2 } 

3=1 

so applying (12. lip with e = 1/j, the result follows by monotone con- 
vergence upon letting j — > 00. □ 

2.2. Transfinite diameter. We let V n denote the complex vector 
space of holomorphic polynomials of degree at most n and we adopt 
the convention that 

(n -\- d s 
n 
Thus 

V n = span{ei, ...,e N } 

where {ej(z) := z a ^'} are the standard basis monomials. For points 
Ci,-,Gv G C d , let 

(2.12) VDM(d, Cn) = fet[ei(Q]ij=i,...,N 

' ei(Ci) e x (C 2 ) ••• ei(Cjv) 
= det j j " • . j 

. ejv(Ci) e7v(C 2 ) • • • e N (( N ) 
and for a compact subset K C C d let 

V n = V n (K) := max \VDM(( U ( N ) 

Then 

(2.13) = ^(K) = lim K 



dniV 



where is the sum of the degrees of a set of basis monomials for 
V n , is the transfinite diameter of K. The temporary superscript "1" 
refers to a weight w = 1. Zaharjuta [32] showed that the limit exists; 
we outline his proof in Appendix 1. 
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The Rumely formula, relating the transfinite diameter 8{K) with V£ 
and f>Ki can be stated as follows: 
(2-14) 

-log*(JO = -TtAtT / [Pk-Pt] *£(dd c p K +uyA(dd c p T +u) d -i-\ 

Here, uj is the standard Kahler form on F d and T is the unit torus in 
C d . We will prove a generalization of ( 12. 14jl in section |5j 

More generally, let K C C d be compact and let w be an admissible 
weight function on K. Given Ci, Cn G K, let 

W((i, Civ) := VDM(Ci, 6vMCi) n " " " w(( N ) n 

' ei(Ci) ei(C 2 ) ■■• ei(Ov) 
= det : : -.. : ■ w^)" ■ ■ ■ w(( N ) n 

. ejv(Ci) eAr(C 2 ) • • • ejv(Ov) . 
be a weighted Vandermonde determinant. Let 

(2.15) ^ n (K):= max \W(Ci, Cn)\ 

and define an n—th weighted Fekete set for K and w to be a set of iV 
points Cij •••> Cn £ ^ with the property that 



|^(Ci,...,Cjv)I = W«W- 



We also write 8 w,n (K) := VKn(.K') *^ and define 
(2.16) 5 W {K) := lim ^'"(AT) := lim W n (K) 



d+l 



A proof of the existence of the limit may be found in [3] or [13] ; we give 
this latter proof in Appendix 1 (see Proposition \7.7\i . 

The weighted Fekete conjecture is that for each n, let x^, x^ be 

an n—th weighted Fekete set for K and w and let p n := ^ 1=1 8 ( n ) ■ 

x j 

Then 

-> j—y d [dd c V^^) d weak - *. 

This is one of the applications of the Berman-Boucksom theory, to be 
presented in section [6j Indeed, we prove a slightly stronger statement 
on asymptotically weighted Fekete sets in Proposition I6.6I 
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A Rumely-type formula relating the weighted transfinite diameter 
S W (K) with q and Pk,q, can be stated as follows: 

(2.i7) -wm-^f^trvw' 

d-1 

-3-1 



-^n / [pk,q ~ Pt} y2(dd c p KjQ + u) j A (dd c p T + u) 



d{2 

Here we assume K is contained in the unit polydisk U. We will prove 
an equivalent version of (I2.17P in section [5j Rumely proved a weighted 
version of ( 12.1 4ft : 
(2-18) 

-\ogd w (K) = 1 / [pk,q-Pt] Y,(dd C pK,Q+^) j ^dd c p T +uj) d -^ 1 

where d w (K) is another weighted transfinite diameter, defined in [T2] . 
The term 



in (I2.17P arises due to the relationship between S W (K) and d w (K); this 
relationship, 

(2.19) 5»(K) = [exp (- / Q{dd c V^ Q ) d )] 1/d ■ ^(K), 

as well as the definition of d w (K), will be deferred to the appendices 
(Appendix 1 for the definition; Appendix 2 for ( I2.19P ). Indeed, to be 
precise, the versions f !2.14j) and (12. 18)) of the Rumely formulas here are 
symmetrized versions of Rumely's original formulas, due to Demarco 
and Rumely [17J. We prove the equivalence of these symmetrized ver- 
sions with the "originals" in Appendix 2. 

2.3. Bernstein-Markov properties. Given a compact set E C C d 
and a measure v on E, we say that (E, v) satisfies the Bernstein-Markov 
inequality if there is a strong comparability between L 2 and L°° norms 
of holomorphic polynomials on E. Precisely, for all p n ^V n , 

\\Pu\\e < M n \\p n \\ L 2 {u) with limsupM^™ = 1. 
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If E is regular, (E,^e) satisfies the Bernstein-Markov inequality (cf., 
[21]). It is known if {E,v) satisfies the Bernstein-Markov inequality 
that 

(2.20) lim ^ log K»{z,z) = V E (z) 

n->oc In 

locally uniformly on C d where 

N 

B»(z) :=^(^)=5>j n) (z)| 2 
is the n — th Bergman function of E, v (cf., [15]) and 

N 

KM :=E^ (n) (^ (n) (0 

3=1 

where {qj }j=x,...,N is an orthonormal basis for V n with respect to L 2 (u). 

More generally, for K G C d compact, w = e~® an admissible weight 
function on K, and v a measure on K, we say that the triple (K, u, Q) 
satisfies a weighted Bernstein-Markov property if there is a strong com- 
parability between L 2 and L°° norms of weighted polynomials on K; 
precisely, for all p n G V ni writing ||ii> n p n ||# := sup zgK \w(z) n p n (z)\ and 
\\™ n Pn\\ 2 L 2 M := J K \p n (z)\ 2 \w(z)\ 2n dis(z), 

\\w n p n \\ K < M n \\w n p n \\ L 2 (u) with limsupM* /n = 1. 

If K is locally regular and w is continuous, taking v = {dd c VK,Q) d 
we have (K,u,Q) satisfies a weighted Bernstein-Markov property (cf., 
[9]). Now if (K,i>,Q) satisfies a weighted Bernstein-Markov property 
we have that 

(2.21) lim J- log *T (z, *) = V KtQ (z) 
locally uniformly on C d where 

N 

(2.22) B^{z) := ^rMM^) 2 " = E \<lf\^\M^ n , 

i=i 

is the n — th Bergman function of i^, u;, ^ (cf., [5]) and 

AT 

KTM :=£?J n) (s)<#°(C). 
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Here, {gj^}j=i,...,jv is an orthonormal basis for V n with respect to the 
weighted L 2 — norm p — > \\w n p n \\L2t v y A sketch of the proof of (12.211) 
and/or (I2.20P runs as follows: first, one shows that if 

®K,Q,n{z) ■= sup{b(z)| : \\w d ^p\\ K < 1, p G U£ =0 P fc }, 

then 

- log $K,Q,n -»> Vr-,Q 

locally uniformly on C d . Next, one verifies the inequality 



[®K,Q,n{ Z )\ 



2 



< K»> w (z,z) < N ■ M n [$ KtQ>n (z)] 



2 



N 

The left-hand inequality follows simply from the reproducing property 
of the kernel function K% w (z, C); i.e., for any p e V n , 



p(z)= / KZ w (z,(MCM() 2n dv((), 



r u,w ( _ /-\„,,f /-\2n, 

and the Cauchy-Schwartz inequality; it is the right-side inequality which 
utilizes the weighted Bernstein-Markov property. Indeed, for an ele- 
ment G V n in the orthonormal basis, 

\\w n qf\\ K < M n and lQj !?' < $*,Q, n (z) 



(n). 



imply 

so that 



qf\z)\ <M n $ K)Q , n {z) 



N 



This was proved in the unweighted case; i.e., (12.20 p . by Bloom and 
Shiftman [13] and in the general (weighted) case; i.e., (I2.2ip . by Bloom 

From the local uniform convergence in (12.211) follows the weak-* con- 
vergence of the Monge- Ampere measures 

[dd c — log K% w {z,z)] d (dd c V^ Q ) d weak- * . 
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One of the main results of this paper is a much stronger version of 
"Bergman asymptotics" to be proved in Corollary 16.41 if (K,i/,w) sat- 
isfies a weighted Bernstein-Markov inequality, then 

^ n w dv i^k,q ■= j^y(dd c Vl Q ) d weak- * . 

This was proved in the one variable case (d — 1) in [TT] . 

We will have occasion to consider the case of unbounded sets. If 
E C C d is closed and unbounded, w = e~ Q is an admissible weight on 
E and /x is a positive measure carried by E we say the triple (E, /x, Q) 
satisfies a weighted Bernstein-Markov property if there exists an integer 
no such that for each n > n$ and all p n 6 we have 

\p n \ 2 W 2n dfi < +00 

and 

sup \p n w n \ <M n [l \p n \ 2 w 2n dfx} 1/2 with limsupM^" = 1. 

E Je n— >oo 

(cf., (I4.19P in subsection 14. ip . Indeed, an important special case of 
Corollary 16.41 Theorem I4.2[ involves strong Bergman asymptotics with 
E = C d . 

Which pairs (K, /x) satisfy a Bernstein-Markov property? Which 
triples (K, /x, Q) satisfy a weighted Bernstein-Markov property? As 
mentioned, if K is regular (Vk is continuous), the extremal measure 
Hk '■= j^jd(dd c VK) d works. In the weighted case, if K is locally 
regular and w is continuous (so that Vk,q is continuous), Hk,q '■= 
j^a(dd c VK,Q) d works. These claims are a special case of a more general 
result. We begin with a definition. 

Definition 2.3. Let K C C d be compact and let /x be a probability 
measure on K. We say that \i is a determined measure for K if for each 
Borel set E C K with fi(E) = ^(K), we have V| = V£- If w is an 
admissible weight on K , we say that /j is a determined measure for i^, tu 
if for each Borel set £ C if with /i(i?) = n{K), we have V^ q = Vjk,q- 

Equivalently, if u £ L(C d ) and u < Q /x— a.e. on if then w < V^q. 

Proposition 2.4. Lei K G C d be compact and let w be an admissible 
weight on K. Then ^k,q is a determined measure for K,w. 
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Proof. Fix u G L(C d ) with u < Q /j^Q-a.e. on K. By the L + (C d ) 
version of the domination principle, Proposition 12. 1| u < V K q. □ 

The claim in the paragraph before Definition 12.31 follows from the 
general result below (cf., [30]). 

Proposition 2.5. If Vk,q is continuous, and if a probability mea- 
sure fi is a determined measure for K, w, then (K, fi, Q) satisfies the 
Bernstein-Markov property. 

Proof. Suppose that (K, fi, Q) does not satisfy the Bernstein-Markov 
property. Then there is an e > and a sequence of polynomials {pt} 
with degpk = k satisfying 

(2.23) 1^-^11^) = (l + e)- fc 
while 

(2.24) \\p k e- kQ \\K = sup \p k {z)e- kQ(z) \ > k(l + e) k . 

For m > 0, define 

K m := {z G K : sup \p k (z)e~ kQ{z) \ < m}. 

k 

Then clearly for each k 
so that 

(2.25) \p k (z)e- kQ(z) \ < me k[v ^Q (z) ' Q(z)] on K. 
Let 

K' := U m>0 K m = {z G K : sup \p k (z)e- kQ(z) \ < +oo}. 

k 

Then V Km q I Vr',q (here we simply restrict Q to K m ,K'). Since 
K' C K and Vr,q is continuous, Vr,q = Vr,q — Vr' q- We show 
equality holds; i.e., 

(2-26) V K>Q = Vft/Q. 

To verify (|2~2EI) . we first claim that fi(K \ K') = 0. For by f[2~23j) . 

\Pk{ z ) e ~ k ® | 2 converges in L l (fi) and hence |pfc(z)e~ fe< ^ z )| — >■ 
/x— a.e. as — >■ oo; hence sup fc |pfc(,2)e~ fcQ(2 ) | < +oo /i— a.e., proving 
the claim. Now since by hypothesis, fi is a determined measure for 
K,w, (12T26|) follows. 
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Finally, we conclude that the use functions {V£ m q) decrease to Vk,q 
pointwise on the compact set K\ since Vr,q is continuous, we conclude, 
by Dini's theorem, that V^ m g — > Vk,q uniformly on K. In particular, 
for m sufficiently large, 

e v K m , Q ~Q < i _|_ e on k. 

Fixing such an m and using (12.251) . we have 

\p k (z)e~ kQ{z) \ <m(l + e) fc on K. 

This contradicts (12.241) for k sufficiently large. □ 

2.4. Gram matrices and optimal measures. We begin with some 
motivation from [TO]. Suppose that K C C d is compact and non- 
pluripolar. Note that if we write, for points £i> Cjv G K, 

then 

1 1 N 

Jf V n V n = e i(Cfe)e J -(Cfc)]i,j=l : - : iV 
k=l 

which is a Gram matrix of inner products using the measure /i n : = 
4 X^fcLi 5^ fc with respect to the monomial basis {ei, cn}- More gen- 
erally, let fi be a probability measure on i^. We assume that \i is non- 
degenerate on V n . This means that with the associated inner-product 

(2-27) (f,9)»:= [ fgdfi 

Jk 

and L 2 (/i) norm, \\f\\ L ^^ = \/{f,f)p, we have IMIi^) = for p E V n 
implies that p = 0. It follows that [i is non-degenerate on V n if and only 
if supp(/i) is not contained in an algebraic variety of degree n. Then V n 
equipped with the inner-product (I2.27P is a finite dimensional Hilbert 
space of dimension N and, for any fixed basis (3 n := {pi, ...,Pn} of V n , 
we can form the Gram matrix of /i with respect to the basis (3 n : 

If we change the basis (3 n = {pi, ...,pn} to C n := {qi, ...,g7v} by pi = 
^2j ! = i a ijQjy then the Gram matrices transform (see e.g. [TB], §8.7) by 

(2.28) GftAO = AG»(C n )A* 

where A = [ay] G C ArxAr . Hence the following definition is independent 
of the basis chosen. 
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Definition 2.6. If a probability measure p has the property that 
(2.29) det(C#) < det(G^) 

for all other probability measures // on X then /x is said to be an 
optimal measure of degree n for K. 

We make some observations. We may compare the uniform norm on 
K with the L 2 (p) norm for p G V n . For p a probability measure we 
have 



LHp) < \\P\\K, 

and since V n is finite dimensional there is a constant C — C(n, p, K) 
such that 

Ibk < c\\p\\lh»). 

The 6esi constant C is given by 

C = sup -^j— ^ = max \J B%(z) 
P eV n , P ^o \\P\\L*M zeK 

where recall 

(2.30) BH(z):=f2\^)\ 2 

is the n— th Bergman function for K, p and Q n = {q±, q2, ■ ■ • , Qn} is an 
orthonormal basis for V n . 

It is natural to ask among all probability measures on K, which one 
provides the smallest such factor, and this leads to an equivalent char- 
acterization of optimal measures: Suppose that the probability measure 
p has the property that 



max \J Bn{z) < max \ Bn (z) 

z&K zeK V 

for all other probability measures p! on K. Then p is an optimal measure 
of degree n for K. 

Indeed, for any probability measure p, / B l t l l (z)dp = N, so that 

Jk 

max B£(z) > N. 

zeK 

We will show that for an optimal measure 

(2.31) maxB£(z)=N. 

zeK 
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In fact, we will verify a more general (weighted) version of this (Propo- 
sition 

We make an observation which will be useful. With a basis (3 n = 
{pi, ...,Pn} of V n , if we write 



(2.32) 

then 
(2.33) 



P(x) 



pi[x) 

P2(x) 



Pn{x) 



e C 



N 



P{xT{G^ n ))- 1 P{x) = B»{x). 



To see this, G := G%(fl n ) and G^ 1 are positive definite, Hermitian 
matrices; hence G 1 ^ 2 , G^ 1 ^ 2 := (G -1 ) 1 / 2 exist; writing P := P(x), we 
have 

P*G- 1 P = P*G- 1/2 G- 1/2 P = (G- 1/2 P)*G- 1/2 P. 

To verify that the right-hand-side yields B£(x), note that since G = 
J K PP*dfi, the polynomials {pi,p 2 , • • ■ ,Pn} defined by 



(2.34) 



G-WP :-- 



px(x) 
p 2 {x) 



e C 



N 



p N [x) 

form an orthonormal basis for V n in L 2 (fi): for 

f G- l/2 P ■ (G- l/2 P)*dn = G- 1/2 [ [ PP*d/j]G- 1 

JK JK 

= G- l ' 2 GG 1 ' 2 = J, 
the N x N identity matrix. Thus 



N 



3=1 



X) 



(G- 1/2 P)*G- 1/2 P. 



We turn to weighted versions of Gram matrices and optimal mea- 
sures. Let K C C d be compact and non-pluripolar. Fix /x a probability 
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measure on K and w an admissible weight on K. For each n we have 
the weighted inner product of degree n 



(2.35) (f,9)*v,:= / f(z)g(z)w(z) 2n dv. 



\2n, 

IK 

Again fixing a basis f3 n = {pi,P2, ■ • • ,Pn} of V n we form the Gram 
matrix 

and the associated n— th Bergman function 

N 

(2.36) firW^El^WI^^ 

(see (12.221) ) where Q n — {qx, q 2 , ■ ■ • , g^v} is an orthonormal basis for V n 
with respect to the inner-product (|2.35p . If a probability measure \x 
has the property that 

(2.37) det(G^) < det^) 

for all other probability measures /x' on then /i is said to be an 
optimal measure of degree n for K and iu. 

From Lemma 2.1 of [20J, Chapter X, the set of matrices 

{G% w : fj, is a probability measure on K} 

is compact (and convex). Hence an optimal measure of degree n for K 
and w always exists. They need not be unique. An equivalent char- 
acterization of optimality is given by the Kiefer-Wolfowitz Equivalence 
Theorem 1211. 



Proposition 2.7. Let w be an admissible weight on K. A probability 
measure fi is an optimal measure of degree n for K and w if and only 
if 

(2.38) max B£ w (z) = N. 

Proof. We give a proof of the equivalence of conditions ( I2.37P and ( I2.38P 
following [Bo] (see also [20J, Theorem 2.1, Chapter X). First, with P 
defined as in (I2.32p . the proof of (I2.33j) gives 

(2.39) w 2n P*{G^ w y 1 P = B^ w . 
A computation shows that 

/i^logdet G% w 
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is concave on the space of probability measures; i.e., if 

h{t) := logdetG^ 1+(1 -^ 2 ' u ' 

for two probability measures \i\ and fi 2 , then h"(t) < 0. Indeed, since 
G£ 1,w and G% 2,w are positive definite Hermitian matrices, we can find a 
nonsingular matrix A so that 

A*G^' W A = diag[ ai • • • a N ] and A*G% 2 ' W A = diag[&! ■■■b N ] 

Then 

det G^ 1+{l - t] ^ w = | det A\ 2 det diag^ + (1 - t)b x ■ ■ ■ ta N + (1 - t)b N ] 



and, computing, 

— loedet G*f*i+(i-*)fa.« - _ V ^ - ^ < 



Hence \i\ is optimal in the sense of ( 12. 37ft if and only if h'(t) < 
for all fi 2 . Computing this derivative one sees that \L\ is optimal in the 
sense of ( 12.37P if and only if 
(2.40) 

trace [(G£' w ) ' l G^ w ] = J w 3n F*{G£' w )- 1 Pdn 2 = J B^ w d^ 2 < N 

for all fi 2 . Here we use ( 12.391) and the fact that, for an N x N matrix 
A, an N x 1 matrix B, and alxiV matrix C, 

trace(ABC) = trace(C AB) = CAB; 

thus, writing Gj := G%" w and using G 2 = J K w 2n PP*dfj, 2 , 

trace ~ 1 G% 2 ' W ] 

= traced 1 / w 2n PP*dfi 2 ] = [ w 2n P*G^Pdfi 2 . 

Taking ^l 2 to be a point mass at a point z £ K in ( 12.401) gives B£ 1,w (z) < 
iV; then taking /i2 = \i\ gives J B£ 1,w d[ii = N by orthonormality. This 
proves the equivalence of (12.371) and (12.381) . □ 

Indeed, the end of this argument yields the following key property of 
optimal measures. 

Lemma 2.8. Suppose that \i is optimal for K and w. Then 

B^(z) = N, a.e. [4 
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Proof. On the one hand 

max. B" w (z) = N 
zeK 

while on the other hand, again by orthonormality of the qj, 

[ bit dp = [ f>^)|M^) 2n ^W = ^, 

JK JK j=1 

and the result follows. □ 

We relate the (weighted) Bernstein-Markov property with (weighted) 
Gram determinants and (weighted) transfinite diameter. 

Proposition 2.9. Let K C C d be a compact set and let w be an ad- 
missible weight function on K . If v is a measure on K with (K, u, Q) 
satisfying a weighted Bernstein- Markov property, then 

lim £±1. log detGT = log 5 W (K). 

Here G% w = \^ K piPjW 2n dii\^j = i^^N where {pi,---,Pn} is either the 
standard basis monomials {ei,...,ejv} for V n or, e.g., an orthogonal 
basis {ri, ...,r N } obtained by applying Gram-Schmidt to the standard 
basis. Recall that is the sum of the degrees of a set of basis mono- 
mials for V n and the weighted n— th order diameter of K, w is 



5 w > n (K):=( max det[ei(xj)w(xi) n • -w(x N ) n ]ij=i,..., N ) 

xi,...,xn£K 



d+l 

dnN 



( max \VDM(x 1 ,...,x N )\w(x 1 ) n ■■■w{x N ) n ) 

xi,...,XNeK 



d+l 
dnN 



Proof. Note first that detG% w = llf =l \\rj\\ 2 L 2 {w 2„ u) where {n,...,r N } 
are an orthogonal basis of V n obtained by applying Gram-Schmidt to 
the standard basis monomials of V n . Defining 

Z n := Z n (K,w,n) 
\VDM(z u z N )\ 2 w( Zl ) 2n ■ ■■w{z N f n d^{z l ) ■ ■ ■ dfi(z N ) 



d+l 



' K JK 

we show that 



lim Zi dnN = 5 W (K). 

n— >oo 

To see this, clearly 

(2.41) Z n < 5 w > n (K)^v(K) N . 
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On the other hand, taking points x±,...,Xn achieving the maximum 
in 5 w ' n (K), we have, upon applying the weighted Bernstein-Markov 
property to the weighted polynomial 

zi -»■ VDM(zi,x 2 ..., x N )w(zi) n ■ ■ ■ w(x N ) n , 
5 w ' n {K) 2 -%r = \VDM(xi, x N )\ 2 w(xi) 2n ■ ■ ■ w(x N ) 2n 
<M 2 I ■■■ I \VDM(z 1 ,x 2 ...,x N )\ 2 w(z 1 ) 2n ■ ■ -wixN^dnizi). 

J K J K 

Repeating this argument in each variable we obtain 
(2.42) 8 w ' n (K)^r < M 2N Z n . 

Note that fl2~lID and fl2T42l) give 

Z n < 5 w > n (K)^v(Kf < v(K) N M 2N Z n . 
Since [v(K) N M™]$& -> 1, using (|2~T6|) 



d+l 



lim Z£ dnN 

n— >oo 

exists and equals 

lim 5 w < n (K)£*. 

n—¥oo 

Using elementary row operations in \VDM(z\, zn)\ 2 in the inte- 
grand of Z n , we can replace the monomials {ej} by the orthogonal basis 
{ri,...,r N } and obtain 

TV 

(2-43) Z n = NlHWr.Wl^y 

3=1 

Putting everything together gives the result. □ 

The quantity Z n occurring in the proof of Proposition 12.91 is called 
the n— th free energy of K, fi. A similar argument shows that the Gram 
determinants associated to a sequence of weighted optimal measures 
also converges to S W (K). In this proposition, we again compute the 
Gram determinant with respect to the standard basis monomials. 

Proposition 2.10. Let K be compact and w an admissible weight func- 
tion. For n = 1,2, let fi n be an optimal measure of order n for K 
and w. Then 

lim det(G^)^ =6 W (K). 

n—too 
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Proof. Replacing the the standard basis monomials by an orthogonal 
basis {r 1 ,...,r N } with respect to L 2 (w 2n /i n ), the formula ( I2.43P says 
that 



\VDM(z u ■ ■ ■ , z N ) \ 2 w( Zl ) 2n ■ ■ ■ w(z N ) 2n dfx n ( Zl ) ■ ■ ■ df, n (z N ) 

K 1 



= N\ det(G^ w ). 
It follows, since fi n is a probability measure, that 

(2.44) det(G^) < i^JjQjW. 

Now if fi, f 2 , • • ■ , /jv 6 K are weighted Fekete points of order n for K, 
i.e., points in K for which 

\VDM( Zl , ■ ■ ■ ,z N ) \w n ( Zl )w n (z 2 ) ■ ■ ■ w n (z N ) 

is maximal, then the discrete measure 

1 - 

(2-45) ^ = ^E^ 

k=l 

is a candidate for an optimal measure of order n; hence 

det{G^' w ) < det{G^' w ). 

But 

det(G^) = ^\VDM(f u --- J N )\ 2 w(fi) 2 Mf2) 2n ---w(f N ) 2n 



max \VDM(z x , • • • , z N )\w n {z 1 )w n {z 2 ) ■ ■■w n {z N ) 

1 , 2dnN 



2 



so that 



N N 
1 



:(SX(K))i*r < det(G^) 



N N 

and the result follows from (I2.16P . □ 

We will see in section [6] that if {/i n } are a sequence of optimal mea- 
sures for K, w then /z n — > Hk,q weak-*. 
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2.5. Ball volumes. Given a (complex) iV— dimensional vector space 
V, and two subsets A, B in V, we write 

[A : £ :=log— 

vol(B) 

Here, "vol" denotes any (Haar) measure on V (as taking the ratio makes 
[A : B] independent of this choice). In particular, if V is equipped with 
two Hermitian inner products h, h', and B, B' are the corresponding 
unit balls, then a linear algebra exercise shows that 



(2.46) [B : B'\ = logdetf/i'fe, e 3 )] l>J=1 , 



,N 



where e^, ejy is an h— orthonormal basis for V. In other words, [B : 
B'] is a Gram determinant with respect to the b! inner product relative 
to the h— orthonormal basis. Indeed, [B : B'} is independent of the 
h— orthonormal basis chosen for V, as can be seen by (12.28!) . 

We will generally take V = V n and our subsets to be unit balls with 
respect to norms on V n . In particular, let /i be a probability measure 
on a compact set K C C d which is non-degenerate on V n . Observe that 
for the unit torus T, 



V T (z 1 , ...,z d ) = max log + \z 

j=l,...,d 



3\i 



and the standard basis monomials (3 n := {ei, e^} form an orthonor- 
mal basis for V n with respect to ht '■= -^a (dd c Vr) d , which is the 
standard Haar measure on T. Letting 

B„ = {p n e V n : HPnilz^) < 1} 

and 

K = {Pn & V n : \\Pn\\L^ T ) < 1} 

be L 2 — balls in V n , we have 

[ J B n : J B;] = logdetG^(/3 n ). 
We will also use L°°— balls in V n \ e.g., with 

Bn = {Pn e V n ■ \\Pn\\K < 1} 

and 

B' n = {p n eV n :\\pn\\T<l}, 
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we consider [B n : B' n }. If (K,p:) satisfies a Bernstein-Markov property, 
then the asymptotics (n — > oo) of the sequence of ball- volume ratios 

: *J and ^[B n : & n] 

will be the same (note (T, fip) satisfies a Bernstein-Markov property) 
and the limit is related to the relative energy of V£ with Vp, to be 
defined in the next section. This is a special (unweighted) case of the 
main result of these notes, Theorem I4.1[ and will immediately provide 
us with a version of the Rumely formula. 

For future use we note that [A : B] — — [B : A]; the ball volume 
ratios trivially satisfy the cocycle condition: 

[A : B\ + [B : C] + [C : A] = 0; 

and they are "monotone" in the first slot in the sense that for any 
B C V n , if E C C d is closed with admissible weights Qi < Q2 and 

B°°(E,nQ i ) := { Pn G V n : \\p n e- nQi \\ E < 1}, i = 1,2 

then 

(2.48) [B°°(E,nQi) : B] < [B°°(E,nQ 2 ) : B}. 

The analogous properties will also hold for the relative energies, defined 
next. 

3. Energy. 

We define the Monge- Ampere energy £(u,v) of u relative to v for 
u,v e L + {C d ) as 

» d 

(3.1) S(u,v):= / (u — v) \^(dd c v,y A (dd c 

Jcd u 

This will be utilized in the version of the Rumely formula given in 
section [51 To see the relation with (I2.17p . we begin with the fol- 
lowing Bedford- Taylor integral formula (Theorem 5.5 of [lj). Given 

t>i, V2, Ui, Ud-i G L + (C d ) we have 



J c v) d ~ j . 



(vidd c v 2 — v 2 dd c Vi) A dd c U\ A • • • A dd c Ud-\ 

c d 

(3.2) =2vr / (p Vl - p V2 )(dd c p Ul +u) h--- h(dd c p Ud _ 1 +u). 
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Here, given u G L + (C d ), recall that 

Pu{z) := limsup[w(A,2) — log \Xz\] 

[A|— >oo 

is the (projectivized) Robin function of u (cf., ( I2.10P ) and u is the 
standard Kahler form on F^ 1 . 

Using ([3]) we prove an important formula relating S(u,v) with a 
projectivized version. 

Proposition 3.1. Let u, v e L + (C d ) with supp(dd c u) d and supp(dd c v) d 
compact. Then 



(3.3) £(u,v)= / u(dd c u) d - / v(dd c v) 

(P« - Pv) Y^{dd c ~p u + a;)' A (dd c p v + u) d - j -\ 

Proof. We begin with the algebraic formula 

(3.4) (dd c u) d - {dd c v) d = dd c {u — v) AT 
where 

d-l 

T := ^(dd c u) j A (dd c v) d - j ~\ 

j=0 

Then we can write 

£(u,v)= [ (u - v) [(dd c u) d + dd c v A T] . 
Jc d 

We now use the hypothesis that snpp(dd c u) d and swpp(dd c v) d are com- 
pact to write this as 

u{dd c u) d - [ v{dd c u) d + [ {u-v)dd c vAT 
J : ■•' Jc d 

u{dd c u) d - [ v(dd c v) d + [ v[{dd c v) d - (dd c u) d ] 
Jc d Jc d 

+ / {u-v)dd c v AT. 
Jc d 

Using the algebraic formula ( 13. 4(1 . we obtain 

£(u,v) = / u{dd c u) d - [ v{dd c v) d 
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+ / vdd°(v - u) A T + / (u - v)dd c v A T 

u{dd c u) d - [ v(dd c v) d + [ [udd c v — vdd c u) A T. 
'c d ic d ic d 

The result now follows from ([3]). □ 

Now suppose, as in the setting of (12.171) . that K is contained in the 
unit polydisk U . Then, with T the unit torus, applying Proposition 
EH 

d 

, y K,0 V1 > / A""* r K,QJ " \ uu "J. 



W, Q , V r ) = / (V£ g - 7 T ) J2(dd c Vl Q Y A (dcf Vt) c 

V* K , Q {dd c V^ Q ) d 

+2tt / [p XiQ - pr\ y2(dd c p K . Q + uy a (dd c p T + uy-i- 1 



>c d 

d-1 



3=0 

where we have used f cd Vr(dd c V^Q) d = by the assumption that K C 
U. To prove (12.17p . we need to verify, then, an "energy version" of 
Rumely's formula; i.e., 

This we will do in section [5j 

Next we prove a corollary of the Bedford- Taylor formula. We begin 
with four functions A,B,C,D e L + (C d ) and let u x ,...,u d - X E L + (C d ) 
(so that T := dd c u\ A • • • A dd c u d ^\ is a positive closed (d — 1, d — 1) 
current). Then 



(3.5) / (A — B)(dd c C — dd c D) A dd c u\ A ■ ■ • A dd c u d -\ 

Jc d 

= [ (C - D){dd c A- dd c B) Add c u x A--- Add c u d _ x . 
Jc d 

To prove this, we have 

I (A- B){dd c C - dd c D) A dd c u x A • • ■ A dd c u d _ x 
Jc d 

- [ (C - D)(dd c A-dd c B) Add c u x A--- Add c u d _ x 
Jc d 
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I {Add c C — Cdd c A) A T + f [Ddd c A — Add c D) A T 



+ / (Bdd c D — Ddd c B) A T + / (Cdd c B — Bdd c C) A T 
which equals, by the integral formula ([3]), 27r times 
/ (pa~Pc)T+ / (Pd-Pa)T+ / (p b -Pd)T + / (p c -p fl )f. 

Jpd-1 jpd-l 

Clearly this sum vanishes. 

Another formula which will be used is 

(3.6) [ (A — B){dd c C — dd c D) A dd c u\ A • • • A dd c Ud-i 

Jc d 

d(A - B) A d c (C - D) A dcf Ui A ■ ■ • A dd c u d _ x . 
Remark. The following integration by parts "formula" is not valid: 

(A - B)(dd c C) A dd c Ul A • • • A dd c u d ^ 



= / C(dd c A - dd c B) A dcfwi A ■ • • A dd c u d -i. 
Jc d 

For take B — G — U\ = • • • — u d -i = log 4 " |z| and A = log 4 " |z| + 1: the 
top line equals a positive multiple of the area of the unit sphere in C d 
while the bottom line vanishes. Thus it is essential to use differences 
in ([31D. 

We prove a fundamental differentiability property of the energy. 
Proposition 3.2. Letu,u',v E L + (C d ). ForO<t<l, let 

f(t) := £(u + t(u' -u),v). 
Then f'(t) exists for < t < 1 and 

(3.7) f'(t) = (d + l) f (u -u){dd c {u + t{u' -u))) d . 

Jc d 

Proof. Here we mean the appropriate one-sided derivatives at t = and 
t = 1; e.g., 

(3.8) f(0) := lim ~ /(0) = (d + 1) [ (u' - u)(dd c u) d . 

*-+0+ t ./<Pd 
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We prove this last statement. This implies the first; i.e., (13. 7p . For if s 
is fixed, 

g(t) := f(s+t) = £(u+(s+t)(v! — u),v) = £{u + s{u —u)+t(u —u),v) 
and applying (13.81) to g (so u — > u + s{u' — u)) we get 

g '(0) = f'( s ) = (d+1) [ {u -u){dd c {u + s{u' -u))) d . 

Jc d 

We begin with the observation that if w := v! — u, then 

d d 

J2[dd c {u + tw)} 3 A {dd c v) d - j - J2(dd c u) j A {dd c v) d ~ 3 

3=0 3=0 
d 

= tJ2j[dd c w A (dd^y- 1 A (dd c v) d - j + 0(t 2 ). 

3=0 

Then (all integrals are over C d ) 

£{u + t{u — u), v) — £{u, v) = £{u + tw, v) — £(u, v) 

d 



l c v) d ~ j 



3=0 
d 

u — V ) 

3=0 

d 



hu + tw-v] ^2[dd c (u + tw)] j A {dd c 
j=o 

d 

J2(dd c uY A (dd c v) d ~ j 

3=0 

t f(u-v) J2j[dd c w A (dd c u) J - 1 A (dd c v) d - j + 0(t 2 ) 

3=0 

/d 
twJ2ldd c (u + tw)} j A (dd c 

3=0 

/d 
(u - v) J2j[dd c w A (dd c u) j - 1 A (dd c 

3=0 

/d 
wJ2(dd c u) j A (dd c v) d ~ 3 ] + 0(t 2 ) 

3=0 

/d 
wJ2j[dd c (u - v) A (dd c u) j ~ l A (dd c 



<c v )d-3] 



jc v )d-j] 
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+ J w^T(dd c U y A (dd c v) d - j ] + 0(t 2 ). 



3=0 

Here we have used (13.51) in the last step. Now check that 

d d 



^jdd c {u - v) A (dd^y- 1 A (dd c v) d - j + ^(dd c u) j A (dd c v) 



3=0 3=0 

= {d+l)(dd c u) d 

(try the case d — 2!) and the result follows. □ 
We sometimes write (13.81) in "directional derivative" notation as 

(3.9) < £'(u), u' -u>=(d + l) [ (u' - u){dd c u) d . 



Note that the differentiation formula (13.71) is independent of v. This 
will also follow from the cocycle property, which we now prove using 

d32D. 

Proposition 3.3. Let u, v, w G L + (C d ). Then 

£(u, v) + £{y , w) + £(w, u) = 0. 

Proof. Let 

fit) := £(u + t(w -u),v) + £(v, u) 

and 

g{t) := £{u + t{w — u),w) + £(w, u). 

Then f(0) = g(0) = by antisymmetry of £. From the previous 
proposition, specifically, (13. 7p . 

f'(t) = (d + l) [ {w-u)(dd c (u + t(w-u))) d 
Jc d 

and 

g'(t) = {d + l) [ (w-u)(dd c (u + t(w-u))) d ; 
Jc d 

i.e., fit) = g\t) for all t, Thus /(l) = ^(1); i.e., 

£{w, v) + £{v , u) = £(w, w) + £{w, u) = £{w, u). 

□ 
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The independence of (13.71) on v also follows from the cocycle property: 
if v,v' G L+(C d ), then 

£{u + t{u — u),v') + £{y' , v) + £{v , u + t{u — u)) = 

so that the difference 

£{u + t{u — u), v') — £{u + t{u — u), v ) = £{y , f') 

is independent of t. Thus one should consider £ as a functional on the 
first slot with the second fixed. As such, as with the projection operator 
P, it is increasing and concave: 

Proposition 3.4. Let u,v,w E L + (C d ). Then 

u>v implies £(u,w) > £(v,w) 

and for < t < 1 

£{tu + (1 - t)v, w) > t£{u, w) + (l- t)£(v, w); 
i.e., g(t) := £{tu + (1 — t)v, w) satisfies g"{t) < 0. 

Proof. The monotonicity is trivial from the cocycle property and the 
definition of £: 

£(u, w) — £{y, w) = £{u, w) + £(w, v) = £{u, v) 

/d 
(u - v) J2( ddCu ) d ~ J A ( d d c v) j > 0. 

For the concavity, let 

g{t) := £{tu + (1 - t)v, w) = £{v + t(u -v),w). 
We show g"(t) < 0. From the differentiability result (13. 7p in Proposition 



g'(t) = {d + l) / (it- v){dd c {v + t{u - v))) 1 
Jc d 



To compute g"(t), note that 



^(dd c (a + tb)) d = d ■ dd c b A (dd c (a + tb)) d - 1 



so that 



d-1 



g"(t) = (d+l)d- (it - w)Af (m - v) A (dcf + t(u - v))) 
Jc d 

-- -(d + l)d- / d(u - v) A rf c (w - u) A (dcf (t> + t(w - w)))^ 1 < 
Jc d 
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where the last equality comes from the integration by parts formula 

CT- □ 

A consequence of concavity is the following. Let ui,U2,v G L + (C d ). 
Letting 

g(s) := £{ui + s{u 2 - u x ),v) 
for < s < 1, we have concavity of g so that g(s) < g(0) + g'{0)s. In 
particular, at s — 1, we have 

(3.10) g(X)<g(P) + g'(P); 

i.e., 

(3.11) £(u 2 ,v)<S(u 1 ,v) + (d+l) f (M 2 -u 1 )(dd c M 1 ) d . 

For future use, we record the following. 

Lemma 3.5. Lei {la,}, {u,} C L + (C d ) with wj ■f w e L + (C d ) and 
Vj |t> e L + (C d ). Then 

S(wj, v) — > £{w, v) and £(wj, Vj) — > £(w, v). 

Proof. From the cocycle condition (Proposition I3.3[) . it suffices to prove 
the first statement. This follows directly from Lemma 6.3 of pQ: given 

w, {Vj}, v, {ui ;j }, Mi, {u d! j}, u d in L + (C d ) 

with Vj t v, uij f ui, u dJ t u d , 



□ 



lim / (it? — Vj)dd c Uij A • • • A u d j = (w — v)dd c U\ A • • • A u d . 
i^°°Jc d ' " ' Jc d 



We remark that if Wj 1 w G L + (C d ) and Vj ^ v E L + (C d ) then we 
still have 

(3.12) £{wj,v) — >■ £{w,v) and £(wj,Vj) —> £{w,v). 

The first statement is standard and the second follows from the first by 
Proposition 13.31 

Remark 3.6. A nonnegative functional on L + (C d ) bearing a closer 
resemblance to a classical "energy" is defined in section 5 of [3]. Fix 
v G L+(C d ). For u G L+(C d ), define 

(3.13) I(u) = I v (u):= £(u,v) + (d+ 1) / (v-u)(dc/V) a! 
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(v - u) ([{dd c v) d + ■■■ + dd c v A (dd^f- 1 } - d ■ (dd c u) d ) . 

Ic d 

Note that I(v) = I(v + c) = for any constant c. It is not immediately 
obvious from this definition that I(u) > 0, but this follows trivially 
from concavity of £. Indeed, let 

fit) := £(u + t(v -u),v) 

so that /(0) = £(u,v) and /(l) = u) = 0. Concavity of £ implies 
that /(l) < /(0) + /'(O) from f lXTUj) ; i.e., using Proposition E2J 



u 



< + (d + 1) / (w-M)(^ C M) d = /( 

4. The Main Theorem. 

In this section, we state and prove the main result of Berman and 
Boucksom, which relates asymptotics of certain ball-volume ratios with 
energies associated with extremal measures. For E C C d closed and 
an admissible weight on E, let 

B°°(E,n4>) := {p n E V n : \p n {z) 2 e~ 2n ^\ < 1 on E} 

be an L°°— ball and, if fi is a measure on E, 

B 2 (E,fi,n<P):={p n eV n : [ b„|V 2 "^/i < 1} 

Je 

be an L 2 — ball in P„. The key result is the following. 
Theorem 4.1. Given <p,<f)' admissible weights on E,E', 



2niV L v ' r/ v ' r/J (d+l)(27r) 

If fj>,fj>' are measures on E,E' with (E,fi,<p) and (E',fi', </>') satisfying 
a weighted Bernstein- Markov property, then 

^[B\E,»M) : ^V,^')] (d+1 1 )(27r) / (^»^)- 

Remark. We will prove the L°°— version and the L 2 — version follows 
as noted in the case of (12. 4 7ft . From this, we will prove a version of 
strong Bergman asymptotics (Corollary 16. 4p which says that if (K, /i, w) 
satisfies a weighted Bernstein-Markov inequality, then 

^B^ w d/j, -> /j, KjQ weak- * . 
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However, the first step in the proof of Theorem 14.11 section 14.11 below, 
is the special case of strong Bergman asymptotics in the case K = C d 
(and Q is a sufficiently smooth "strongly admissible" weight). From a 
purely logical point of view, it would be interesting to find either 

(1) a direct proof of Corollary 16.41 that did not appeal to Theorem 
14.11 and / or 

(2) a direct proof of Theorem 14.11 which did not require this special 
case of Corollary 16.41 

4.1. Bergman asymptotics in C d . Results on Bergman asymptotics 
in the Berman paper [3], which apply to global weights on C d , form the 
basis for an essential step in the proof of Theorem 14.11 The setting in 
is this: G C^ l {C d ) with 

(4.1) <f)(z) > (1 + e) log \z\ for \z\ » 1 for some e > 0. 

We write, following (I2.5p . P(4>) '■— V C d^. We will call a global admis- 
sible weight satisfying (14. ip strongly admissible. For p n G V n , our 
notation for the (varying weighted) L 2 — norm is 

\\Pn\\L ■■= \\Pn\L n , = [ \ Pn (z)\ 2 e- 2n ^UJ d (z) 



c d 



where u)d(z) = ( 2 lr Yl^- on Under the growth assumption on 
(ft, it is easy to see that if n > d/e then for each polynomial p n G V n , 
\\Pn\\nc/> < +oo. Next, given an orthonormal basis {qi, ...,qN} of V n , in 
this section we use the notation 

N 

B n (z) := B n ,t(z) := K n><i> (z, z)e~ 2n ^ := \ qj (z)\ 2 ]e~ 2n ^ 

3=1 

for the n-th Bergman function; and we recall that 

B n (z)= sup \p n (z)\ 2 e- 2n ^/\\p n \\ 2 n ,. 
p n ev n \{o} 

Finally, let 

P := {z G C d : dd c (f)(z) exists and dd c (f)(z) > 0} 

and if u is a C 1,1 function such that (dd c u) d is absolutely continuous 
with respect to Lebesgue measure, we write 

det(dd c u)u d := 1 (dd c u) d . 
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Theorem 4.2. Given <p G C 1 ' 1 (C d ) with <fi(z) > (1 + e)log|z| for \z\ 
large, P(<j>) G C 1 ' 1 ^) H L + (C d ); (dd c P(<p)) d is absolutely continuous 
with respect to Lebesgue measure; 

{dd c P{<j))) d = det{dd c P{<f)))uj d 

as (d,d)— forms with L^ c (C d ) coefficients; and a.e. on D := {P{4>) = 
(p} we have det(dd c (p) = det (dd c P((p)). Moreover, 

^B n X Dnpdet(dd c <P) m L\C d ) 

and 

I i 

—B n u d -> -^-^(dd c P((f))) d weak-*. 

Proof. We give the proof on pp. 6-13 in [3J. First of all, it is easy to 
see that P(0) is Lipschitz. Since P(<p) G L(C d ), 

P{<P)(z + h) < log \z + h\ + C < log |z| + log[l + \h\/\z\\ + C 

< log |z| + C + 2|/i|/|z| < (1 + e) In \z\ + 2\h\/\z\ < <p(z) + 2\h\/R 
for |z| > R sufficiently large; while for \z\ < R 

P(<P){z + h)< 4>(z + h)< (f>(z) + [sup 

| 2 |<_R 

combining these estimates, we get that 

P{<j>){z + h)- m&x[2/R, sup \d<p\] ■ \h\ < P{(f>){z) 

\z\<R 

on C d as the left-hand-side is a competitor for P{4>). Applying this 
inequality with z — > z + h and h — > —h gives 

\P((f))(z + h)- P(<j>)(z)\ < max[2/i?, sup \d(f)\] ■ \h\. 

\z\<R 

To verify that the first order partial derivatives of P{4>) exist and 
are Lipschitz, we will show that each real second order (weak) partial 

derivative g x P g^ k , j, k G {1, 2c?} of the real Hessian D 2 P((p) is repre- 
sent able by an L% c (C d ) function; i.e., for short, we say that D 2 P((p) has 
an L^ c (C d ) density. We first claim that there is a constant C = C(<f>) 
with 

(4.2) [P{<f>){z + h) + P{<j>){z - h)]/2 - P{<j>){z) < C\h\ 2 . 
To see this, let 

g(z) := [P{4>){z + h) + P(0)(z - h)]/2 G L(C d ). 
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Arguing as above we want to get 

g(z) < [<j>{z + h) + <p{z - h)}/2 < P((f>)(z) + C\h\ 2 

in order to prove (14.21) . Precisely, looking at the first order Taylor 
polynomial of at z, on the ball Br of radius R centered at we have 

[4>{z + h) + <p(z - h))/2 < 4>{z) + C'\h\ 2 

where C = C'(R) so that 

(4.3) g{z) = [P((j))(z + h) + P((j))(z - h)]/2 < <f>(z) + C'\h\ 2 
on this ball. Here, 

C = sup \D 2 (j)\ 

Br 

where D 2 <fi is the real Hessian of 0. Using the growth of <fi as in the 
previous paragraph we can get an estimate outside a large ball of the 
form 

(4.4) g{z) = [P{<j)){z + h) + P((j>)(z - h)]/2 < <f>{z) + C"\h\ 2 . 
To see this, recall for \z\ large, 

P(<f>)(z + h) < log \z + h\ + C < log \z\ + log[l + \h\/\z\] + C; 
similarly, 

P((f))(z -h)< log(>| - \h\ + 2\h\) + C 

< log |*| + log[l - \h\/\z\ + 2\h\/\z\\ + C 

< log |*| +log[l - \h\/\z\] + 2elog|*| +C 
for |2;| large. Thus 

[P((f>)(z + h) + P(<j>)(z - h)\/2 < (1 + e) log \z\ + CxI/ilVkl 2 + C 2 

< (f)(z) + C"\h\ 2 

for \z\ large; this gives (14.41) ; together with (14. 3p . we get (14. 2p . 

To deduce the C 1,1 regularity from (I4.2p . we follow the arguments 
of [16]. Taking regularizations (P(<f))) t := <ft * Xe of P{<t>)-> we have the 
same estimate for (P(0)) e as we have for P(4>) in (14. 2p : 

[{PfflUz + h) + (P(<f>)) e (z - h)}/2 - (P(<f>)Uz) < C\h\ 2 . 

Forming a Taylor expansion of degree 2 of (P(<fr)) t around z gives 

D 2 (P((f ) )) e (z) ■ h 2 < C\h\ 2 . 
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We now use the fact that (P (</>)) e is psh, so that its complex Hessian is 
positive semi-definite. Thus 

D 2 (P(<p)) e (z) ■ h 2 + D\P{<PMz) ■ (ih) 2 > 

so that 

D 2 {P{<j>)) e {z) ■ h 2 > -D 2 (P(<p)) e (z) ■ (ih) 2 > -C\h\ 2 
and we conclude that 

\D\P{<P)Uz)\<C 

Letting e — > 0, we conclude that _D 2 P(0) has an L^ c (C d ) density and 
we have a local estimate 

|£ 2 P(0)|<C' = C'(ir,0) 

on a compact set K where C'(K,<f)) depends on K, sup K \D 2 <ft\, and 
the growth of 4>. This shows that P(<j>) 6 C l > l (C d ). 

Now since, e.g., (P(0)) e \, P{4>), we have the Monge-Ampere mea- 
sures (dd c (P((f))) t ) d converge weak-* to (dd c P(<j))) d and hence 

{dd c P{<f))) d = det{dd c P{<j)))u d 

as forms with Lf£ c (C d ) coefficients. The fact that 

det(dd c P((f))) d = det(dd c (j)) d a.e. on D = {P(<f>) = 0} 

will follow by showing that 

d 2 (P(<P)-<P) _ _ 
— — = a.e. on D. 

OZjOZk 

Indeed, we show that for all the real second order derivatives 
(4.5) V „ — — = a.e. on D. 

OXjOXk 

We will use the lemma on p. 53 of [20]. This result implies that if a 
real-valued function u is Lipschitz on an open set Q, then J^- = a.e on 

{x G Q : u(x) = 0}. Apply this to the C 1,1 function P(<p)—<j) to conclude 
™ = o a.e on D. Since is Lipschitz, = on all 

of Z} and we can apply the lemma to d( p W-<ft) ^ obtain 8 i P ^~^ = 

L 1 J OXj OXjOXfr 

a.e on { d ^ P ^~^ =0}; in particular, we obtain (I4.5p . 

We turn to the Bergman asymptotics; i.e., the behavior of {jjB n } 
for n large. The first step is an asymptotic upper bound (the "local 
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holomorphic Morse inequality") which is a general fact about a C 1,1 
function (ft satisfying (14. ip (i.e., independent of (weighted) pluripoten- 
tial theory). Recall that 

\\Pn\\ 2 n<p := [ \ Pn (z)\ 2 e-^uj d (z) 
Jc d 

and 

B n {z) = B^(z) = sup \p n (z)\ 2 e- 2n ^/\\p n \\^. 

Pn£P„\{0} 

We can also consider B n (z) as the supremum in the class of all weighted 
polynomials Q n ^ := p„e" n *: 

B nA Z ) = SU P \QnA Z )\ 2 /\\Qn,<f>\\L2(C d )- 

If we let <p := 4>+Re(g) where g is an entire function and set p n := p n e n9 , 
then 

\p n (z)\ 2 e- 2n ^) = \ Pn (z)\ 2 e- 2n ^ = \Q n Az)\ 2 
so that B n ^(z) = B n ^(z). In particular, to study asymptotic behav- 
ior of {jfB n }, by taking an affine g (g(z) = a + Ylj=i a j z j) we ma y 
assume, working near the origin for convenience, that 0(0) vanishes 
and d(j)(0) = 0. If the second order partial derivatives exist at then 
by taking a quadratic g (g(z) = J2i j a ij z i z j) an d a unitary change of 
coordinates, we can assume that, near 0, 

d 

(4.6) ^) = E A iN a + o(M 8 )- 

i=i 

We verify two estimates which will be useful. First of all, regardless 
of the existence of second order partial derivatives at 0, on a fixed ball 
Br centered at 0, there is a constant C = C(R, 4>) with 

(4.7) \4>(z)\ <C\z\ 2 on B R . 

This estimate is sufficient to prove local uniform boundedness of {j^B n }: 

(4.8) — B n (z) <C = C(K) on a compact set K. 
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More to the point, we show that if the second derivatives of <fi do exist 
at a point, say 0, then for any R > 0, 

d 

(4.9) lim [sup \n<j)(z/y/n) - AJ%-| 2 |1 = 0. 

This will be used to prove the pointwise upper bound asymptotics 

(4.10) limsup ^£ n (0) < Xp(0) det(dcf 0(0)). 
To prove (TC7D and gl]), define, for < t < 1, 

d 

V>(*) :=(/>{tz)- 5>il^il 2 - 
Then ^(O) = and ?/> is of class C 1 so that 



V>(1) 

Now 



f\'(t)dt = <P{z)-Y,\ 3 \z 3 \ 2 . 



|2 



Since #(0) = 0, #(fcz) = 0(|z|) so that 



1^(01 < C\z\ 2 , < t < 1 

which gives ( 14. 7p : 

d d 

21 



i0( 2 )i =w*)-e A/N 2 + x; 

i=i i=i 



|2 



2 



<|0( z )-XA>/| + |X>,-|%l 2 l<q; 

For (14.91) . if the second derivatives of <ft(z) exist at z = 0, then the 
second derivatives of <j>{z) — Y^,j=i ^j\ z j\ 2 vanish at z — 0. Hence we get 

W(t)\=o(\z\ 2 ), < t < 1; 
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i.e., given e > there exists 5 > such that if \z\ < S then — 
e ■ \z\ 2 . This gives 



|^(1)| = | f i//(t)dt\ = \4>{z) - Ail^f I < e ■ \zf. 
Jo j=1 

Thus if \z\ < R and n is sufficiently large 

d d 
\n(f)(z/\/n) - 2J -^jkj| 2 | = n\<f>(z/y/n) - 2J -M-^/V^I 2 ! 
3=1 j=i 

< ne|^| 2 /^ < ne(R/y/nf = eR. 
This is true for all e > 0, giving (14. 9ft . 
Recall that 

(4.11) B B (*) = sup k(^)i 2 e- 2 "^Vibn||^- 

PnS7>n\{0} 

Thus, working near a fixed point which we take to be the origin, 0, and 
taking an extremal p n , 

is„(0) = k(0)| 2 e- 2 ^°)/iV||p n ||^ = b„(0)| 2 /iV|b„||^ 

\Pn(0)\ 2 



< 



Nj £d \p n (z)\^e-^u d (z) 

bn(0)| 2 



N J mR/vs Mz)\»er^*i') Ui {z) 

for any R > 0. Choosing i? as in (14.71) . we can replace <p(z) by C|z| 2 in 
the integrand: 

I«,(o) < 



Applying the subaveraging property to the psh function \p n \ 2 on the 
ball {\z\ < Rj \fn\ with respect to the radial probability measure 
e- 2nC \ z \ 2 u d {z)/ J lz] < R/VE e- 2nC W 2 u d (z), we obtain 

1 1 J' 

-BrM < -— r _.^.. f ., < 



which is finite. The last inequality comes via the change of variables 
z ->■ z' :— z->Jn, noting that oo d (z') = n d u d (z) and N = ( d + n ) > n d /d\. 
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Letting the point "0" vary over a compact set K, we get aC = C(K) 
with 

^B n (z) <C = C(K) for z G K; 

i.e., gSD holds. 
Now start with 

Siyo) < wo)|2 



Ar i| I |<H/ v ^l!'"('-)l 2e - 2 "* < " , ^('-) 
which is valid for any R > 0. Letting z — >■ z' := zi/n we have 

\b„(o) < """" 



Define 



p nj i? :=exp[2 sup |n0(V/\/n) - / J Aj-|^-| 2 |]. 



|*'|<r 



i=i 



Then 



1 b rm < n d!|p " (0)|2 

:-Dn.(U) < p n ,i? " 



Applying the subaveraging property to the psh function |p n | 2 on the 
ball {\z'\ < R} with respect to the radial probability measure 



u d (z)/ I e- 2 ^ x ^u d (z') 

\z'\<R 



we obtain 



1 T, / X 



iV W^* 1 ^*) 

We now assume the second order partial derivatives of exist at 0. By 
(14.91) . p n jj — > 1 as n — > oo; thus for all R > 

limsup — — B n (0) < 



Letting i? — >• oo the Gaussian integral goes to 2d ^ A if all Aj > and 
to +oo otherwise. Thus we have verified (I4.10P ; i.e., we have shown: 

(4.12) limsup — — B n (z) = limsup —^B n (z) < Xp{ z ) det(dd c <j)(z)) 
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for a.e. z G C d . 

Finally, we utilize (weighted) pluripotential theory to obtain the final 
results. By fl4~8|) . 

(4.13) - d \Pn{z)?e-^l\\ Vn \\% < - d B n (z) < C D for z G D. 
We claim that 

(4.14) ^d B n(z) < C D e- 2nWz) ~ PW{z)) on C d . 

To see this, note that for any p n G V n with ||p n ||n^ = n_d > by (14. 13f) 

|p n (^)| 2 e- 2n ^ ) < C D on D. 

But then 

— log \ Pn {z)\ 2 < <j>{z) + i-logC D on D 
so that, from (I2.3p . 

i-logb n (^)| 2 < P(0)(z) + ^ogC D on C d . 



Thus from (14311 



4j-B n (s) = sup |p n (z)| 2 e- 2n * (z) < ^e- 2 "^)"^^)) on C° 
In particular, 



^ IKII^=™- d 



lim -^BJz) = on C d \ L>. 



Note then ( 14.121) can be strengthened to 



1 1 

(4.15) lim sup ——B n {z) = lim sup —B n {z) < Xd<ip{z) det(dd c (j)(z)) 

ri— >oo iVa! n — j.oo Tl 

for a.e. 2; G C d . 

From (I4.14p and the growth assumption on <ft, for a sufficiently large 
.R, there is a C with 

—,B n (z) < C\z\- 2nt for Id > R; 

then dominated convergence (recall (14.81) ) shows that 

(4.16) lim / —B n u d = Q. 
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Next we show 
(4.17) lim / -^B n cu d = [ (2ndd c 0) d /d\. 

n-^oc J D n d J DnP 

To prove (I4.17p . we know that 

B n u d = N x n d /d\ 
and using (14. 16j) we have 

l/dl= lim / ^-jB n uj d = lim / \:B n uj d . 



n->oo J cd n d n->oo J D fl u 

On the other hand, by (14.121) applied to D and Fatou's lemma, we have 

!/«« = / ^ < / 

n^oo J D n d J DnP (2vr) d d! 

But from the first part of this theorem, we can replace (dd c (f)) d by 
(dd c P(<f))) d which has total mass (2ir) d on D fl P; hence 

m = . im f L BM < / = 

n->ooJ D n d J DnP {2ir) d d\ 

This gives (I4.17p . We will use this relation, together with (I4.15p . to 
show that 

^B n -> X Dnpdet(dd c <P) in L\C d ). 

First we prove the following measure-theoretic lemma (cf., [2]). 

Lemma 4.3. Let (X,fi) be a measure space and let {f n } be a sequence 
of uniformly bounded, integrable functions on X . If f is a bounded, 
integrable function on X with 

(1) lim^oo f x f n dfi = j x fdfi and 

(2) limsup^^ f n < f a.e. //, 
then fn^-fin L X (X, /i). 

Proof. Let \n be the characteristic function of {x G X : f n — f > 0}. 
Since 

\fn ~ f\d[M = / Xn(fn - f)dfJL + / (1 - Xn){f - fn)dfJ, 

x Jx Jx 

2 f Xn(fn-fW+ [ (f-fnW, 

Jx Jx 
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using (1) we have 



limsup / \f n - f\dfi = 21imsup / Xn(fn~ f)dfi. 

n— >oo J x n— >oo J x 

By Fatou's lemma, 

limsup / Xn(fn - f)dfi < / pimsupxn(/n-/)]d^- 
Now the result follows from (2). □ 

We set /„ := ^dB n and / := Xddp det(dd c (f>) then from (I4.17P and 
(14. 1 51) we get the convergence ^dB n — > xddp det(dd c (p) in L 1 (C d ). This 
implies weak-* convergence of -^B n Ud to Xddp det(dd c <p)ud and com- 
pletes the proof of the theorem. □ 

We make two important remarks. 

(1) The above argument yields, since ]im n ^. (X> J cd , D ~[B n Ud = 0, 
that the compactly supported measures 

(4.18) -j-fl n ■ xs^d 7 J— } (dd c P( ( j ) )) d weak - * 



N " "° a (2tt) 



where S is any set containing D. 
(2) We have a weighted Bernstein-Markov property: 



Bupbne-^l <C n [f \ Pn \ 2 e 
c d Jc d 



(4.19) supb n e-^| <C n [l Ipnfe- 2 ^] 1 ' 2 < +00 



for p n G V n and n > n (e, d) = d/e where Cn — > 1. For 
sup \p n e~ n ^\ = sup |p n e _n0 | 

C d D 



<C n [ \p n \ 2 e-^u d ]^<C n [ \p n \ 2 e-^uj d ] 112 

J D JC d 

since (D, Ud\D, 4>\d) satisfies a weighted Bernstein-Markov prop- 
erty. This follows from Proposition 12.51 or see [9]. 
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4.2. Differentiability of £oP. We turn to the main "differentiability" 
result. Generally we will fix a function v G L + (C d ) which will be in the 
second slot of all energy terms and we simply write, for any v G L + (C d ), 

£{v) := £ (v, v). 

If we take a specific v, we revert to the notation on the right-hand-side 
of this equation. For a closed subset E C C d and an admissible weight 
a on E, we write P(a) (sometimes Pe{cl)) to denote the regularized 
weighted extremal function V E a . 

We state two versions of differentiability of £ o P. One version, 
Proposition I4.4[ is for a second admissible weight b on E where we 
consider the perturbed weight a + t(b — a) and the associated weighted 
extremal function P(a + t(b — a)) and show the differentiability of 

F(t) := £(P(a + t(b-a))). 

If E is unbounded, we will need to make an additional assumption on 
u := b — a so that (12. 7p below holds; also, in this case, we restrict to 
< t < 1 so that a+t(b — a) = tb+(l—t)a, being a convex combination 
of a, b, is admissible on E. The other version, Proposition 14.5} is for a 
compact set E and an arbitrary real t. We take a function u G C(E), 
consider the perturbed weight a + tu, and show the differentiability of 

F(t) :=£(P(a + tu)). 

Apriori, since t G M, we must assume u is continuous so that a + tu is an 
admissible (lowersemi continuous) weight. However, to rigorously prove 
the results, we assume some regularity of a, b and/or u: C 2 — smoothness 
(or at least C 1 ' 1 — smoothness) will suffice. 

Proposition 4.4. Let v G L + (C d ). For admissible weights a, b G 
C 2 (E) on a closed set E C C d , let u := b — a and let 

F(t) := £{P{a + tu),v)) 

for tel. If E is unbounded, we assume 112. 9\) holds and < t < 1. 
Then 

(4.20) F J (t) = (d+l) I u{dd c P{a + tu)) d . 

Jc d 

Proposition 4.5. Let v G L + (C d ). For an admissible weight a on a 
compact set E C C d and u G C 2 (E), let 

F{t) := £(P(a + tu),v) 
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forteR. Then 

(4.21) F'(t) = (d+ 1) f u{dd c P{a + tu)) d . 

Jc d 

We prove Proposition 14.41 and Proposition 14.51 simultaneously. 

Proof. We may take v = P(a). As in the proof of Proposition 13.21 we 
prove only the one-sided limit as t — > + : 

(4.22) F'(0) := lim F ^ - F ^ =(d+l) [ u{dd c P{a)) d . 

t-+o+ t J cd 

This implies (14.20)) . For if s is fixed, 

G(t) := F(s + t)= S(P(a +(s + t)u),v)) 

= £(P(a + su + tu),v)) 
and applying ( 14.22)) to G (so a — > a + su) we get 

G'(0) = F'(s) = (d+l) [ u(dd c P(a + su)) d . 

Jc d 

Note that F(0) = and to verify (14. 22j) it suffices to prove 

(4.23) £{P{a + tu),P{a)) = {d + l)t I u{dd c P{a)) d + o{t). 

We need two ingredients for (14.231) : 
(4.24) 

£(P(a + tu),P{a)) = {d+l) [ \P{a + tu) - P{a)}{dd c P{a)) d + o(t) 

Jc d 

and 

(4.25) lim I {dd c P{a)) d = 

JD(0)-D(t) 

where 

D(t) := {z E C d : P(a + tu)(z) = (a + tu)(z)}. 

We will state and prove (14.24)) and (14.251) as separate lemmas. 
Given (T4T24l and (f4T25l) . and observing from ( T2T2T) that 

(4.26) supp(AfP(a)) d C D(0), 
(14T23|) follows as in @], p. 28: 

£(P(a + tu),P(a)) = (d+l) [ \P{a + tu) - P{a)}{dd c P{a)) d + o(t) 

Jc d 
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= (d+l) f [P{a + tu) - P{a)}{dd c P{a)) d 

JD(0)-D(t) 

+{d + l) [ \P{a + tu)-P{a)]{dd c P{a)) d + o{t) 

JD(0)r\D(t) 

= (d + l) ! [P(a + tu) - P(a)](dd c P(a)) d 

JD(0)-D(t) 

+{d+l)t [ u{dd c P(a)) d + o(t) 

JD{0)r\D(t) 

= (tZ+l) / [P(a + tu) -P(a) -tu](dd c P(a)) d 

JD(0)-D(t) 

+{d + l)t [ u{dd c P{a)) d + o(t) 

JD(0) 

since P(a + tu)-P(a) = tu on D(0)f)D(t). Now (J277D or implies 

|P(a + tu) - P(a) - tu\ = 0(t) 

on the bounded set -D(O) — -D(t) (recall if E is unbounded we assume 
(12.91) holds in the setting of Proposition |4.4j) and this fact, combined 
with ffl~25j) and K26\i . finishes the proof. □ 

In fT4~24D . since (dd c P(a)) d is supported in D(0), 

[ \P{a + tu)- P{a)](dd c P(a)) d = [ [P{a + tu) - P{a)](dd c P(a)) d ] 
Jc d JD(0) 

and, on D(t) C\D(0), we have P(a + tu) — P(a) = tu. Then the content 
of (14.251) is that the contribution to this integral on D(0) — D(t) is 
negligible. It is in proving ( 14 . 2 5 [) that the C 2 — smoothness (or at least 
C 1 ' 1 — smoothness) is needed. 

Lemma 4.6. Let a be an admissible weight on a compact set E and let 
u e C 2 {E). Then 

(4.27) lim / (dd c P(a)) d = 

JD(Q)-D(t) 

where D(t) = {P(a + tu) = a + tu} for t e R. 
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Proof. The hypothesis u G C 2 (E) means that u is the restriction to E 
of a C°° function (which we also denote by u) on C d ; clearly we can 
take this function to have compact support. We prove the result for 
t > 0; i.e t — > + . We can find M > sufficiently large depending on 
u and its support so that u + Mip is psh where ip( z ) — \ l°g(l + \ z \ 2 )- 
Observing that 

D(0)\D(t) C S 

where 

S ■= {P(a + tu) < P(a)+tu} = {P(a + tu)+tMip < P(a)+t(u + Mtjj)} 
and 

D(t) n {P(a + tu) < P{a) + tu} = 0, 

we have 

(dd c P(a)) d < [ {dd c P{a)) d 



>D(0)-D(t) 

< 



[dd c (P(a) + t{u + MiP)) d < [ [dd c {P{a + tu) + tM^)] d 

Js 

[dd c {P{a + tu))] d + 0(t) =0(t). 

Here, the inequality in the second line comes from the L + — comparison 
principle, Proposition 12.21 since each of ( 1+ ^ M )[P(a + tu) + tMip] and 
{j^)[P{a) + t(u + Mip)] belong to L + (C d ). □ 

Corollary 4.7. Lei a, b G C 2 (E) be admissible weights on a closed, 
unbounded set E. If A2.9\) holds then 

(4.28) lim f (dd c P(a)) d = 

JD(0)-D(t) 

where D(t) = {P(a + t(b - a)) = a + t(b - a)} for < t < 1. 

Proof. First of all, (dd c P(a)) d has compact support. Also, by (12.91) . the 
extremal functions P(a + t(b — a)) for all < t < 1 are independent of 
the values of a, b outside a large ball. Thus we may assume that a = b 
outside a fixed ball. In other words, this case is reduced to the case of 
Lemma 14.61 where u = b — a. □ 



The content of (14.241) . Lemma [4.81 below, is that the contribution of 
each of the d + 1 terms in the energy £(P(a + tu), P{a)) is the same, 
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up to o(t), as that involving the pure Monge- Ampere term (dd c P(a)) d . 
Again we write 

F(t) := S(P(a + tu)) = S(P(a + tu), P{a)) 

= J [P{a + tu) - P{a)}[{dd c P{a + tu)) d + ... + (dd c P(a)) d ). 

Another interpretation of (14. 24ft is that to prove the differentiability of 
£oP, we can replace £ by its "linearization" at P(a). As in the previous 
arguments, we only give the proof at t — and for the one-sided limit in 
(I4.2ip as t — > + . Note in this next result we don't require smoothness 
of the perturbation u. 

Lemma 4.8. For an admissible weight a on E and u G C(E), let 

F(t) =S(P(a + tu)) 

= J [P{a + tu) - P(a)}[(dd c P(a + tu)) d + ... + (dd c P(a)) d ) 

and 

G(t) := (d+1) J [P(a + tu) - P{a)]{dd c P(a)) d . 

THgti 

lim F( t )-F(0) = GW-G(O) = f um)r 

t^0+ t t^0+ t J 

Proof. Note that F(0) = S(P(a)) = and G(0) = 0. Next, by concav- 
ity of P (recall (I2.6P ) and linearity of / — > J f(dd c P(a)) d , the function 
G(t) is concave so that 

t-s>0+ t 

exists. By concavity of £, we have (recall (13. 9p ) 

S(P(a + tu)) < S(P(a))+ < S'(P(a)), P(a + tu) - P(a) >; 
i.e., from (13. lip with u\ = P(a), u 2 = P(a + tu) and v = P(a), 

8(P(a + tu)) < £{P{a)) + (d+ 1) J [P{a + tu) - P(a)](dd c P(a)) d }. 

Thus 

r m-F^ A 
lim sup < A. 

t->o+ t 
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We prove 

t^o+ t 

Since A := lim t _ 5 . + G ^~ G ^ exists, given e > we can choose 5 > 
sufficiently small so that 

G(S)-G{0) _ d + 1 
5 ~ ~1~ 

i.e., 



j [P(a + Su) - P(a)](dd c P(a)) d > A - e; 



+ J [P{a + 5u) - P{a)]{dd c P{a)) d > 8{A - e). 

From Proposition 13.21 for t > sufficiently small we have 
S(P(a) + t[P(a + 5u) - P(a)]) - S{P(a)) 
t 

> (d+ 1) J [P{a + 5u) - P{a)}(dd c P{a)) d - 5e; 



i.e., 



€{{1 - t)P(a) + tP(a + 5u)) = £{P(a) + t[P{a + Su) - P{a)}) 

> £{P{a)) + t{d +1) J [P{a + 5u) - P{a)]{dd c P{a)) d - tSe. 

Combining these last two inequalities, we have 

£((1 - t)P(a) + tP(a + 5u)) > £(P(a)) + t5A - 2t8e. 
By concavity of P, 

P(a + t5u) = P((l - t)a + t(a + Su)) > (1 - t)P(a) + tP(a + 5u) 
so that, by monotonicity of £, 

£(P(a + tSu)) > £((1 - t)P(a) + tP(a + 5u)) > £(P(a)) + t6A - 2t8e 
for t > sufficiently small. Thus, 

liminf F( f )-F(0) >A _ 26 

t^0+ t 

for all e > 0, yielding the result. 

We now finish the proof of Proposition 14.41 and Proposition 14.51 by 
verifying that A = j u(dd c P(a)) d . The proof was essentially given in 
the verification of (14.231) assuming (I4.24p and (14.251) ; for the reader's 
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convenience, we recall the details. We write S a :=supp(dd c P(a)) d . For 
each t, set 

D(t) := {z E C d : P(a + tu)(z) = a(z) + tu(z)}. 
This is a bounded set. Since P{a) = a (dd c P(a)) d a.e. on S a C -D(O), 

I [P{a + tu) - P{a)]{dd c P{a)) d = [ [P{a + tu) - P(a)}(dd c P(a)) d 

J JSa 

[P(a + tu) - P(a)}(dd c P(a)) d 

D(t)ns a 



+ [ [P(a + tu) - P(a)](dd c P(a)) d 

JSa\D{t) 

[ [a + tu-a}(dd c P(a)) d + [ [P(a + tu) - P{a)}{dd c P{a)) d 

JD{t)nS a JSa\D{t) 

, [U + tu) - P(a)}(dd c P(ay d 

'D{t)r\S a Js a \D(t) 



tu(dd c P(a)) d + [ [P(a + tu)~ P(a)](dd c P(a)) c 

JSa\D(t) 

! tu{dd c P(a)) d + ! [P(a + tu) - P(a) - tu}(dd c P(a)) d . 

JSa JSa\D(t) 



'Sa JS a \D(t) 

Now we use the observation (I2.7P (or (12. 8p ) to see that 

\P(a + tu) - P(a) - tu\ = 0(t) 

on the bounded set S a \D(t); then the conclusion of the lemma follows 
from Lemma [4.61 □ 

Remark 4.9. There is a nice interpretation of the different iabilty of 
£oP in one dimension (see section 9.3 of [1]). Indeed, if d = 1 and K is a 
closed subset of the unit disc in C with admissible weight Q = — log w, 
then, for T = {z £ C : \z\ = 1} we have Vt(z) = log + \z\ so that Vr = 
on K U T. Taking v = Vr, we have 

(S o P)(Q) = £(y* V T ) = I (Vl Q - V T )dd c (Vl Q + V T ) 

Jc 

Vl Q dd\Vl Q ) + I Vl Q dd c V T 

= [ Qdd c (Vl Q ) + p K , Q 
Jc 

where 

Pk,q = lim [Vk,q{z) -log|z|] 

\z\— >oo 
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is the Robin constant of V^q. Let M.{K) denote the probability mea- 
sures supported in K. It is classical that £(V^q, Vt) coincides with the 
minimal weighted logarithmic energy 

inf / / log -. , \ . — ——du(x)dii{y) 

»£M(K)J K J K \x - y\w{x)w{y) 



inf \X(p) +2 [ Qdfi] 

-M(K) 1 ^' J K ^ J 



neM(K) 1 

over ji G M.(K) where X(/i) = f K f K log j^^dfi(x)dfi(y) is the (un- 
weighted) logarithmic energy of fi. It is also classical that 

ii e M{K)^T{n) g R 

is strictly convex on Ai(K); i.e., if < t < 1, then 

x(tfn + (i - < tx(m) + (i - t)x(fi 2 ) 

for yUi,/i2 G .M(.K'). In a sense that can be made precise, the strict 
convexity of \i — > X(/x) on Ai(K) is related to the differentiability of 
the Legendre transform X* of X on C(K), where, for p G C(K), 

X*(p) := sup [/ pdfi — X(p,)] = — inf [X(/x) — / pd/i]. 
^eM(K) Jk neM(K) J K 

Setting p = — 2Q, we have 

X*(-2Q) = - inf [X(/i) + 2 / gd M ] = -£(Vl Q ,V T ) = -(SoP)(Q). 
neM(K) J K 

We record an integrated version of Proposition 14.41 and Proposition 
31 which we will use. 



Proposition 4.10. For admissible weights a, b G C 2 (E) on an un- 
bounded closed set E satisfying A2.9\) , 

(4.29) £(P(b),P(a)) = (d+l) I dt I (b - a){dd c P{a + t{b - a))) d ; 

Jt=o Jc d 

and for a compact set E with admissible weight a and u G C 2 (E), 

(4.30) £{P{a + u),P(a)) = (d+1) [ dt f u{dd c P(a + tu)) d . 

Jt=o Jc d 
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Proof. We prove ( I4.29P as (I4.30p is similar. We begin with Proposition 
S3] using v = P{a) so that F(t) = £{P{a + t(b - a)), P{a))) and (O01) 
becomes 

F\t) = (d+1) [ {b-a){dd c P{a + t{b-a))) d . 
Jc d 

Integrating this expression from t — to t — 1 gives (14.2911 since F(l) — 
F(0)=£(P(b),P(a)). □ 

4.3. Proof of the Main Theorem. Following the ideas in [I], [5], 
[6] and [7], given a closed set K, an admissible weight w on K, and a 
function it G C(K), we consider the weight w t (z) := -u;(,2) exp(— 
i G 1, and let {/i n } be a sequence of measures on K. Fixing a basis 
Ai := {pi, -,Pn} of P n , we set 

(4-31) f n (t):=- ( -l^\ogdet(G^) 

where G^ n ' Wt = G^ n,Wt (f3 n ) and we begin with the following general 
result (see Lemma 6.4 in [BB]). 

Lemma 4.11. We have 

m = ^f K U(z)B^(z)d^ n . 

Proof. Recall that Gf^ n ' Wt is a positive definite Hermitian matrix; hence 
it can be diagonalized by a unitary matrix and we can define \og{Gf l n ' Wt ). 
Using log det(G% n ' Wt ) = trace log(G^ n,Wt ), we calculate 

= -|trace(log(^)) 
= -trace ^log(G^) 

= -trace ((G!f> m )- 1 jG!f> Wt 



2n trace (Gfi 



Pi(z)pj(z)u(z)w(z) n exp(—2ntu(z))djj n 



K 



As in the proof of Proposition 12.71 we use 

trace(ABC) = trace(CAB) = CAB 
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to write the previous line as 

= 2n I P*(z)(G^' Wt )- 1 P(z)u(z)w(z) 2n exp(-2ntu(z))d^ r . 
Jk 

= 2n I u{z)P*(z){G^ Wt )- 1 P{z)w t {z) 2n d^ n 
Jk 

= 2n I u{z)B^' Wt {z)d^ n 



K 



where the last equality follows from the remark ( 12. 391) : 
We are ready for the proof of Theorem 14.11 



□ 



Proof. We begin in the L 2 -case E = E' = C d and 0,0' e C 2 (C d ) 
strongly admissible. We note that (12.91) holds for then all of the weights 
0+t(0'— 0) are strongly admissible with a uniform e (recall (14. ip ). Here, 
we are using dp, = dp! = Ud, i.e., Lebesgue measure; recall from ( 14.191) 
that we have a weighted Bernstein-Markov property in this setting. 
Take u = <p' — <fi which is, in particular, continuous. We first assume 
that (j)' = <p outside a ball Br for some R; i.e., u has compact support. 
For < t < 1 let 

0t := + tu = (f) + 1{4>' - 0) = (1 - 1)4> + 14' 

so that 0o = and 0i = 0'; equivalently, w t (z) := w(z) exp(— tu(z)) 
(note wq = w = e~^ and wi = w' = e~^ ). Then from Theorem I4.2I and 
remark (14. 18[) . for each t, 

^-B ncf>+tu ■ uj d -> — i— (dd c P{(p + tu)) d weak - *. 

iV ( Z7T) 



Now set 



/»(*) : =-^^ lo S det(Gr t (/?n)) 



where \i = \i n := u d for all n and the basis (3 n := {pi, ...,pjv} of V n 
is chosen to be an orthonormal basis with respect to the weighted 
L 2 — norm p — > \ \w n p\ |l 2 (^)- Then G^ ,u '(/3 n ) is the N xN identity matrix 
so that we have / n (0) = 0; and, using Lemma [4.111 and the fact that u 
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has compact support, 

lim TTT^W = / u-±- d {dd c P{<p + tu)) d 

n->oo d + 1 y {27Y) a 

(recall our notation for the n— th Bergman function in using Lebesgue 
measure and a global, admissible weight + tu on C d is B n ^ +tu ). We 
now integrate the corresponding expression for from t = to 

t = l: 

(/ ■[/„(!) - /n(0)] = ^-[/n(l)] = ^log det(Gr'(^)) 



~ [£ 2 (C d ,/i,n0) : £ 2 (C rf ,//,n0')] (&om ((235} ) 



2nN 

= N 



~N it dt I Bn,4>+tu ^ ~ ^ UJd 
But by (S29D, since (EH holds, 

(d + 1) J dtj(<f>- 0')^^ P(0 + = -ip£(P(0'), P(0)) 

which proves Theorem 14.11 in the L 2 — case when E = E' = C d with 
0,0' € C 2 (C d ) strongly admissible, <p' — <p outside a ball and 
cf/i = dfi' = Ud- By the weighted Bernstein-Markov property this also 
proves the L°°— case when E = E' = C d and 0, 0' G C 2 (C d ) are strongly 
admissible with 0' = outside a ball Br. 

Next, we claim that the L°°— case when E = E' = C d and 0,0' G 
C 2 (C d ) are strongly admissible follows, without the assumption that 
0' = outside a ball Br. For recall from (I2.3P that 

P(0) = P 5 J0U = sup{-Llog|p| : V G U n P n , \\pe- desp % w < 1} 

degp 

where S w = supp (<i<PP(0)) d is compact; moreover, for p n G P n , 

lbne- n ^||s w = lbne-^||^ 

so that 

B°°(S w ,n<i>\ Sw ) = B° (C d ,n ( j>). 
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Thus modifyiing 0, 0' outside a large ball in such a way to make them 
equal outside a perhaps larger ball, we don't change the L°°— ball vol- 
ume ratios nor the extremal functions P(0),P(0'). By the weighted 
Bernstein-Markov property (I4.19p this also proves the case when 
E = E' = C d and 0,0' G C 2 (C d ) are strongly admissible, without the 
assumption that 0' = outside a ball 

To prove Theorem 14. II in the general case when E,E' C C d are closed 
with admissible weights 0, 0', we consider the L°° situation only; the 
L 2 — case follows from the definition of the weighted Bernstein-Markov 
property. We claim that by the cocycle property for the ball volume 
ratios [A : B] and energies £(ui,u 2 ), we may assume that one of the 
sets is C d with a strongly admissible C 2 (C d ) weight 0. For, using the 
notation Pe(0) '■= Vesi we nave 

£ (P B (0), P^(0')) + £(iW), P cd (0)) + £ (P cd (0), P E (0)) = 
so that 

^(P S (0),P^(0O) = -£(P^(<//),Pc d (0)) +5(P B (0),P cd (0)). 

Both terms on the right have the second term being Pc<j(0). Similarly, 
with respect to the ball volume ratios, for each n we have 

[£°°(P,n0) : B°°{E',n<f)')} 

= Tujf) : B°°(C d ,n$)} + [i3°°(P,n0) : B°°(C d , n$)\. 

Now to deduce the case where one of the sets is C d with a strongly 
admissible C 2 (C d ) weight and the other is a general closed set E with 
admissible weight from the case where both sets are C d with strongly 
admissible C 2 (C d ) weights 0, ip, we first observe that we may assume E 
is compact (i.e., bounded). For recall again from (I2.3P that if w = e - ^, 

P E {4>) = PsMs w ) =sup{-Llog|p| : P E U n P n , \\pe- A ^\\ Sw < 1} 

degp 

where S w = supp (dd c P E ((f))) d is compact; moreover, for p n G V n , 

\\p n e- n % w = \\p n e- n *\\E 

so that 

B°°(S w M\s w ) = B 00 {EM)- 
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Thus we assume E is compact; since G L + (C d ), we can also 
assume is bounded above on E. We take a large ball Br containing 
E and extend from to ip on C d : 



■0 := on E; $ = 2 log on Br — £7; ^ = 2 log |^| on C d - B 



R 

We have ip is lsc and by taking R sufficiently big P C d(ijj) = Pe(4>)', then 
we take a sequence of strongly admissible C 2 (C d ) weights {<f>j} with 
<pj t "0- We can apply the first case of Theorem 3.1 to (C d ,0j) and 
(C d , 0) to conclude 

' [B°°{C d Mj) ■ B°°(C d ,n$)} -> 7 __L__^(P cd (0 i ),P cd (0)) 



2nN v ' v ' (d+l)(27r 

as n — >■ oo. But 0j t "0 implies P C d(0j) j" P C d(ip) = Pe(4>) and hence 

(4.32) £(Pc4<Pj), PcS)) converges to £(P S (0), P cd (0)) 

as j — i- oo by Lemma 13.51 We want to conclude that 
(4.33) 

^[^(£,n0) : S~(CW)] ^-2_ g(P B (^),P tf (a) 
as n — > oo. To make this precise, first observe that 

' ^(P cd (0,),P cd (0)) 



(rf+l)(2vr; 



= lim J— Mj) - B°°(C d M)} 

n->oo 2niV 

< liminf J-[B»(E,tu/>) ■ B°°(C d ,n$)] 

n^oo Znl\ 

< lim sup -L-[B°°(E,n<l>) : £°°(C d ,n0)] 

since -P C d (0?) t -Pb(0) implies from 02.481) that 

[i3°°(C d ,n0,) : B°°(C d ,n0)] < [£°°(P,n0) : £°°(C d ,n0)]. 

But if we take a sequence of smooth, admissible weights {ipj} on C c 
with -0j 4- Pe{4>) ~ f° r example, we may take ipj = (1 + £j)[(PE{<j>))ej 
where (Pe(0)) £j . is a smoothing of Pe{4>) ~ then P C d(ipj) I Pe{4>) and 

li mS up-L[S°°(£,n0) : B°°(C d ,n0)} 
n ->oo 2niV 
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< lim J—^iC^j) : B°°(C d ,n0)] 
n-s>oo 2nN 



again by (12 .48ft ; this limit equals 

1 



£(P cd (^),P cd (</>)) 



(d + l)(27r) 

by applying the first case of Theorem 3.1 this time to (C d ,ipj) and 
(C d ,0). Now 

(4.34) S(Pc4^j), PcS)) converges to S(P E (<f>), P & ($)) 

as j oo by (13TT2D . Then (02]) and (1431) imply (l4T33|) which com- 
pletes the proof of Theorem 14.11 □ 

5. Proof of Rumely. 

We use Proposition 12.91 i n conjunction with Theorem 14.11 and the 
observation (I2.46p . to prove an "energy version" of Rumely's formula. 

Theorem 5.1. Let K C C d be compact and w an admissible weight on 
K. Then 

(5-1) -^S w (K)^^ d S(Vl Q ,V T ). 

Proof. Note that for the unit torus T, 

V T (z 1 ,...,z d )= max log + \zj\ 

j=l,...,d 

and that the standard basis monomials e±, ejy form an ortho normal 
basis (3 n for V n with respect to \i? := j^y(dd c Vr) d , which is the stan- 
dard Haar measure on T. 

We first assume that there exists a measure v on K such that (K, u, Q) 
satisfies a weighted Bernstein-Markov property. Now from (12.461) . 

logdetG^W = [B 2 (T,fi T ,n-0) : B 2 (K,u, -nlogw)] 
so that, on the one hand, by Proposition 12.91 

lim |±1 • log detQ- (AO = ^g5 w (K); 
n->co zdnJM 

while on the other hand, by Theorem 14.11 

lim J—[B 2 (T,fi T ,n-0) : B 2 (K,u, -nlogw)} 
n-»oo 2nl\ 
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= (d + l)(27ry £{VT ' V «> Q) 
so that, since £(Vr, Vk,q) = ~^^Yk,Qi Vt), we obtain 

as desired. 

In the general case, we can find a sequence of locally regular com- 
pacta {Kj} decreasing to K and a sequence of weights {wj} with Wj 
continuous and admissible on Kj such that Wj + \ < Wj\k +1 and Wj 4- w 
on K. Then by (12. 41) we have 

so that from Lemma 13.51 we have 

tin£(yZ Q ,v T ) = E{vz tQ ,v T ) 

where Qj := — \ogWj. Thus to verify (I5.ip . it suffices to prove that 
(5.2) \jm6 w *(K j ) = S w (K). 

j-S-OO 

We defer the proof of (15. 2h to Appendix 1 (Proposition 17. 9p . □ 

6. Asymptotic weighted Fekete measures, weighted 
optimal measures and strong bergman asymptotics. 

We will apply the following calculus lemma to an appropriate se- 
quence of real- valued functions {f n } m order to prove the main appli- 
cations of the differentiability result, Proposition 14.51 

Lemma 6.1. Let f n be a sequence of concave functions on R and let g 
be a function on R. Suppose 

liminf f n (t) > g(t) for allt and lim/ n (0) = g(0) 

and that f n and g are differentiate at 0. Then lim/^(0) = g'(0). 

Proof. By concavity of /„, we have 

/n(0) +*/»>/„(*). 

From the hypotheses, we see that 

Uminf*#(0)> </(*)- 0(0). 
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For t > 0, we get 

liminf f n (0) > lim 9 M^M = g , {Q) . 

for t < 0, we observe first that 

limsupt/^O) > liminf tf' n (0) > g(t) - g(0) 

n— s>oo n— »oo 

SO 

limsup/;(0) < lim il&zM = </ (0 ). 

□ 

Note that here "differentiable at the origin" means the usual (two-sided) 
limit of the difference quotients exists; the conclusion is not true with 
one-sided limits. 

As in Lemma 14.111 in section 14.31 given a closed set K , an admissi- 
ble weight w on K, and a function u G C(K), we consider the weight 
w t (z) := w(z) exp(— tu(z)), t G R, and let {/x n } be a sequence of mea- 
sures on K. Fixing a basis f3 n := {pi, ...,ptv} of V n , define (see (14.311) ) 

where Gf-"' = GJ""(/3„). Then /„(0) = -g^log det(GJ"<"»). The 
next result was proved in a different way in [BN], Lemma 2.2. The 
proof we present is in [10] . 



Lemma 6.2. The functions f n {t) are concave, i.e., f"(t) < 0. 
Proof. First, let 

2dnN , 

9n(h) -=J^jfn(t + h) 

so that f"(t) = n 9™^' ^ so ' no ^ e ^ n at ^ we change the basis 

B n = {pi, ■ ■ ■ ,p N } to C n := {qi, ■ ■ • , q N } by pi = J2jLi then the 

Gram matrices transform (recall (12.281) by 

G^' Wt {B n ) = AG^' Wt {C n )A* 
where A = [ay] eC NxN . Hence, 

^(/i) = -log(det(G{t- w ^( J B n ))) 
= -log(det(Gr^ + ' l (^n))) -log(|det(A)| 2 ) 
and we see that the derivatives of g n are independent of the basis chosen. 
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Let us choose C n to be an orthonormal basis for V n with respect to 
the inner-product (•, •} Mn) „ Wt (recall (I2.35P ). 

Now, for convenience, write G{h) = Q^ n ' Wt+h anc l se t F{h) = log(G(/i)) 
so that G(h) = exp(F(h)). By our choice of basis C n we have G(0) = 
I e C NxN , the identity matrix, and F(0) = [0] G C JVxJV , the zero 
matrix. Then, (see e.g. [Bh, p. 311]), 



dG d 
dh 

In particular 



Further, 
d 2 G 



= i_ exp(j p(/ l )) = f 1 e {i-s)F(h)dF e sF {h ) ds 
dh J dh 



dG , . dF , . 



dh 2 



_^_ e (l-s)F(h) 

dh 



^L e ^{h) + e (l-»)F(h) 



a (i-»W) 



dh 

d S F{h) 
dh 



d 2 F 
Ih 2 ' 



,sF(h) 



ds. 



Evaluating at h = 0, using the fact that F(0) = [0], we obtain 



d 2 G 
Ih 2 



(0) 



dF. , dF, , , 



:i - s+s) U (0) 

'%)Y + ^(o). 



rf 2 F 



(0) ^ cfe 



d/i 2 



Hence, 



d/i 2 d/i 2 <i/i 



/ g i (^)g i (z)(-2nM(2;)) 2 w; t (2;) 2n (i / u n ] 
if 



-[ / g 4 (2)g i (^)(-2nM(2;))«; t (2;) 2n rf/i n ] 2 . 
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Since g' n (h) = £[-log(det(G(h))} and 

log(det(G(/i)) = trace(log(G(/i))) = trace(F(/i)) 
it follows that 

—trace ( / qi(z)qj(z)(—2nu(z)) 2 w t (z) 2n dfx n 
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K 



+trace 



' qi(z)q j (z)(-2nu(z))w t (z) 2n dfi n 

A 



r 

- V / \ qi (z)\ 2 w t (z) 2n (2nu(z)) 2 dfi n 
i=i ■ / * 

N N p 

+ ^2Y1 / 9i(-2)^Mw t (z) 2n (2nM(z))^ n 
i=i j=i ^ 

-E( / l%WlV(^) 2n (2n M (^)) 2 rf/i n - 
i=i ^ 



TV 

£ 



A' 



q i (z)q j (z)w t (z) 2n (2nu(z))dfi n 



But notice that / qi(z)qj(z)w t (z) n (2nu(z))dfi n is the jth Fourier coef- 
Ja 

ficient of the function 2nu(z)qi(z) with respect to the orthonormal basis 

C n , and also that / \qi(z)\ 2 w t (z) 2n (2nu(z)) 2 dfi n is the L 2 norm squared 
Ja 

of this same function. Hence, by Parseval's inequality, g'n(0) < 0. □ 

Now let fi be a probability measure on and let u G C 2 (K). Define 

<?(*) = -log(<r*(#)) 
so that g(0) = —log(S w (K)) From Proposition 14.51 and Theorem 15.11 

d+1 



9(0) 



u(z)(dd c V 1 



d(2n)a JK 

Note that for each candidate to be an optimal measure of 

order n for K and Wt- For the rest of this section, in computing Gram 
matrices, we fix the standard monomial basis (3 n = {ei, e/v} of V n . 
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Thus, if /i* is an optimal measure of order n for K and w t , we have 

detG» n > m < detGfi'** 
and, from Proposition I2.10[ 



Thus with 



as in (TOTJ), 



lim ^TTr ■ logdetG^^ = log 
n^oo ZdnJS 



liminf / n (£) > g'(t) for all t. 
From Lemma [4. 114 we have 



/:(0) = IF 



Using Lemma [6. 11 we have the following general result. 

Proposition 6.3. Let K C C d be compact with admissible weight w. 
Let {fi n } be a sequence of probability measures on K with the property 
that 

(6.1) lim ^^log det(G^) = logOHJO) 
i.e., lim n _ >oo / n (0) = g(0). Then 

(6.2) ^B^dun /^, Q = 72^(^ c ^ )Q ) d weaA;- * . 

Note that since all probability measures on K, to verify weak-* 

convergence, it suffices to test with C 2 — functions on K. In particular, 
from Proposition 12.91 we have the general strong Bergman asymptotic 
result. 

Corollary 6.4. [Strong Bergman Asymptotics] If (K, fi, w) satis- 
fies a weighted Bernstein- Markov inequality, then 

—B£ ,w dfi —> \ijt,Q weak- * . 
Next, suppose // n is an optimal measure of order n for K and w. 
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Corollary 6.5. [Weighted Optimal Measures] Let K C C d be com- 
pact with admissible weight w. Let {^ n } be a sequence of optimal mea- 
sures for K, w. Then 

[i-n -> Vk,q weak- * . 

Proof. We have B£ n,w = N a.e. fi n on K from Lemma [2.81 so that the 
result follows immediately from Proposition I6.3[ specifically, equation 
(16.21) . Equivalently, using results from subsection I2.4[ 

Again, if is an optimal measure of order n for K and Wt, we have 

detG fM,w t < detG /4.«* 

and hence 

liminf f n (t) > g(t) for all t; 
and for t = by Proposition 12.101 

lim f n (0) = -\og(5 w (K)) = g(0). 



By Theorem 15. 1\ 

(6.3) -M^W) = ^p^(^g,V^). 

Thus from Lemma 16.11 and Proposition 14.51 

Mm KM - m - 
which says that \i n — > \ik,q weak-*. □ 

Finally, we prove a strengthened version of the weighted Fekete con- 
jecture. 

Corollary 6.6. [Asymptotic Weighted Fekete Points] Let K C 

C d be compact with admissible weight w. For each n, take points 
x^jX^, ■ ■ ■ , G K for which 
(6-4) " 

lim \\VDM(xf\--- ,xP)\w(x { ^w(xt ) ) n ---w(xP) n ] i ^ = 5 W (K) 

n— »oc 

(asymptotically weighted Fekete points) and let fi n := j^J2f=i^ x (^- 
Then 

l^n -> Vk,q weak - *. 
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Proof. By direct calculation, we have B^ n ' w (x^) — N for j — 1, N 
and hence a.e. /i n on K. Indeed, this property holds for any discrete, 
equally weighted measure fi n := i Yuf=i 5 («) with 

|VDM(xi n) , • • • , ^ ) )|w(4 ri) ) n «;(4 n) ) n • • • ^(^) n ^ 0. 

Again, the result follows immediately from Proposition I6.3[ specifically, 
equation (16.21) . Alternately, if is an optimal measure of order n for 
K and w t , we have 

detG^' Wt < detGfi' Wt 

and hence 

liminf f n (t) > g(t) for all t; 
finally, by definition of asymptotically weighted Fekete points, 
Mm f n (0) = -\og(5 w (K)) = g(0). 

n— >oo 

Thus the same proof as in the previous proposition is valid to show 
— > Hk,q weak-*. Indeed, in this case, the reader should note that 
the functions f n {t) are affine in t so that f'^it) = is immediate. □ 

7. Appendix 1: Transfinite diameter notions in C d . 

This section is adapted from [13]. We begin by considering a function 
Y from the set of multiindices a £ N d to the nonnegative real numbers 
satisfying: 

(7.1) Y(a + /3)< Y(a) ■ Y(f3) for all a, f3 £ N d . 

We call a function Y satisfying (17.11) submultiplicative; we have three 
main examples below. Let ei(z), ej(z), ... be a listing of the mono- 
mials {ei(z) = z a ^ = z" 1 ■ ■ ■ z°[ d } in C d indexed using a lexicographic 
ordering on the multiindices a = a{i) = (ai, ad) £ N d , but with 
degej = |a(z)| nondecreasing. We write |a| := J2'j=i a j- 
We define the following integers: 

(1) win = m n := the number of monomials e«(z) of degree at most 
n in d variables; 

(2) hn = h n := the number of monomials e«(z) of degree exactly n 
in d variables; 

(3) l { n d) = l n := the sum of the degrees of the m n monomials Ci{z) 
of degree at most n in d variables. 
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Note that m ( n ] = and l n = We will also need 

r«> = r n := nh<f> = n(m^ - m^) 

which is the sum of the degrees of the h n monomials ti{z) of degree 

exactly n in d variables. 

We have the following relations: 

(7.2) m f = ( d ;"); A f =m f- m M = ( d -l + "); 

( ,3) ^^h^m^ 



and 

n n 

(7.4) ^=5>r=$>e 

fc=i fc=i 

The elementary fact that the dimension of the space of homogeneous 
polynomials of degree n in d + 1 variables equals the dimension of the 
space of polynomials of degree at most n in d variables will be crucial. 

Let K C C d be compact. Here are three natural constructions asso- 
ciated to K: 

(1) Chebyshev constants: Define the class of polynomials 

P t = P{a{i)) : = {ei(z) + ^c^z)}; 

j<i 

and the Chebyshev constants 

Yi(a) :=inf{||p|U:peP,}. 

We write t a> K '■= t a (i),K for a Chebyshev polynomial; i.e., G 
P(a(i)) and ||i a ,A"||A' = Yi(a). 

(2) Homogeneous Chebyshev constants: Define the class of homoge- 
neous polynomials 

^ = pW(a(i)) :={*(*)+ E c i e iW}; 

j<i, dcg(e J )=dcg(e I ) 

and the homogeneous Chebyshev constants 
Y 2 (a):=M{\\p\\ K :peP l (H) }. 



66 BERMAN-BOUCKSOM 

We write t a J^ := t ,A K for a homogeneous Chebyshev polyno- 
mial; i.e., t { a H l G pW(a(i)) and = Y 2 (a). 
(3) Weighted Chebyshev constants: Let if be an admissible weight 
function on K and let 

Yz{a)-.= M{\\w\ a ®\ V \\K- peP*} 

be the weighted Chebyshev constants. Note we use the polyno- 
mial classes P; as in (1). We write t™ K for a weighted Chebyshev 
polynomial; i.e., t™ K is of the form w a ^p with p G P(a(i)) and 
\K K \\K = Y 3 (a). ' 

Let S denote the standard (d — 1)— simplex in M. d ; i.e., 

d 

Z = {6 = (9,, ...,9 d ) eR d :J2 6 ^ = X > ^ > °> = h-,d}, 



3=1 



and let 



£ := {# G £ : 0,- > 0, j = 

Given a submultiplicative function define, as with the above 

examples, a new function 

(7.5) r(a) := 

An examination of lemmas 1, 2, 3, 5, and 6 in [32] shows that (17.11) is the 
only property of the numbers Y(a) needed to establish those lemmas. 
That is, we have the following results for Y : N d — > R + satisfying ( 17. II) 
and the associated function r(a) in (17. 5p . 

Lemma 7.1. For all 9 G S°, t/ie /zmzt 

T(y,0): = lim F(a) 1/H = lim r(a) 

a/\a\-+e a/\a\-+0 

exists. 

Lemma 7.2. The function 9 — > T(Y, 9) is log-convex on S° (and hence 
continuous). 

Lemma 7.3. Given b G <9E, 

liminf T(Y,9) = liminf T(a(i)). 



BERMAN-BOUCKSOM 67 

Lemma 7.4. Let 6(k) := a(k)/\a(k)\ for k = 1,2,... and let Q be a 
compact subset of S° . Then 

limsup{logr(a(A;)) - \ogT(Y(6(k))) : |a(jfe)| = a, 9{k) G Q} = 0. 
Lemma 7.5. Define 

TTien 

lim t~ lo s r ( a ) = lo g r (T); 

d—>00 tin * 

n |a|=d 



i.e., wszng' FTM, 



\a\=d 



One can incorporate all of the Y(a)'s for |a| < d; this is the content 
of the next result. 



Theorem 7.6. We have 

ii/i 

ii i i [< i ) 



lim [ | J " exists and equals r(Y). 

\a\<d 



Proof. Define the geometric means 

|a|=d 

The sequence 

log r° , log r°, ...(ri times), logr^, log r£, ...(r d times), ... 

converges to log r(Y") by the previous lemma; hence the arithmetic 
mean of the first l n = J2k=i r k terms (see (17.4j) ) converges to log r(Y~) 
as well. Exponentiating this arithmetic mean gives 

(7.6) (f[(r k r) 1/ln = (UU r(a) k ) 1/ln = ( ]J Y{a)f /ln 

k=l k=l\a\=k \a\<d 

and the result follows. □ 
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Returning to our examples (l)-(3), example (1) was the original set- 
ting of Zaharjuta [32] which he utilized to prove the existence of the 
limit in the definition of the transfmite diameter S(K) of a compact set 
K C C d . Recall the notation 

V n = V n (K):= max \V DM (Ci, C»)| 

and 

(7.7) 5{K) = Jim V^. 

Zaharjuta [32] showed that the limit exists by showing that one has 

(7.8) 6{K) = exp[ ^— f \ogr{K,0 

L meas(L) J s o 

where t(K,9) = T(Yi,9) from (1); i.e., the right-hand-side of (17.81) is 
t{Yi). This follows from Theorem 17.61 for Y — Y\ and the estimate 



7k) ) 

k=l k=l 

in [32] (compare (17.61) ). 

For a compact circled set K C C^; i.e., 2 £ K if and only if e^z £ 
K, <j) E [0, 27r], one need only consider homogeneous polynomials in 
the definition of the directional Chebyshev constants r(K,8). In other 
words, in the notation of (1) and (2), Yi(a) = Y 2 (a) for all a so that 

T(Y U 6) =T(Y 2 , 6) for circled sets K. 

This is because for such a set, if we write a polynomial p of degree d as 
p = 5^L -Hj where ii/j is a homogeneous polynomial of degree j, then, 
from the Cauchy integral formula, < j = 0, ...,d. More- 

over, a slight modification of Zaharjuta's arguments prove the existence 
of the limit of appropriate roots of maximal homogeneous Vandermonde 
determinants; i.e., the homogeneous transfmite diameter d^ H \K) of a 
compact set (cf., [IS]). From the above remarks, it follows that 

(7.9) for circled sets K, 5(K) = d {H) (K). 

Since we will be using the homogeneous transfmite diameter, we amplify 
the discussion. We relabel the standard basis monomials {e[ H ' d \z) = 
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z a{t) _ z" 1 • • • z% d } where \a(i)\ = d, i = l,...,h n , we define the 
d— homogeneous Vandermonde determinant 

(7.10) VDMH d ((d,...,Ch n ) ■= det[ef' d) (0)] M=1 ^. 
Then 

(7.11) S H \K)=\im[ max \VDMH d (&, GJI] 17 *" 

is the homogeneous transfinite diameter of K\ the limit exists and 
equals 

exp[ X — [ logT(Y 2 ,9)d9] 

L meas(L i ) J s o 

where T(Y2,6) comes from (2). 

Finally, related to example (3), there are similar properties for the 
weighted version of directional Chebyshev constants and transfinite di- 
ameter. To define weighted notions, let K C C d be closed and let w be 
an admissible weight function on K. We define a weighted transfinite 
diameter 

d w (K):=exp[ l — ! \ogT w (K,6)d6] 

L meas(L j ) J s o 

as in [12] where t w (K,8) = T(Y 3 ,6) from (3); i.e., the right-hand-side 
of this equation is the quantity r(Y 3 ). 

We remark that if {Kj} is a decreasing sequence of locally regular 
compacta with Kj J, K, and if Wj is a continuous admissible weight 
function on Kj with Wj J, w on K where w is an admissible weight 
function on K, then the argument in Proposition 7.5 of [12] shows that 
lim^oo T w i(Kj, 6) = t w (K, 6) for all 9 G S° and hence 

(7.12) lim d Wi {Kj) — d w (K). 

j-s-oo 

In particular, f)7.12p holds in the unweighted case (w = 1) for any 
decreasing sequence {Kj} of compacta with Kj \. K; i.e., 

(7.13) lim 8{Kj) = 8(K) 

(cf., [12] equation (1.13)). Another useful fact is that 

(7.14) 5{K) = 5(K) and d {H) (K) = d {H) (K) 
for K compact where 

K := {z G C d : \p(z)\ < \\p\\k, all polynomials p} 
is the polynomial hull of K. 
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Another natural definition of a weighted transfinite diameter has 
been described using weighted Vandermonde determinants. Let K C 
C d be compact and let w be an admissible weight function on K. We 
write 

(7.15) W n := max \W((i, ...,C n )\ 
and, apriori, 

(7.16) 5 W (K) := limsup W^ n . 

d—>oo 

To illustrate a useful technique, we give another proof of the existence 
of this limit. 

Proposition 7.7. Let K C C d be a compact set with an admissible 
weight function w. The limit 

lim [max \VDM(X {1 \ A (m " d)) )| ■ w(X^) d ■ ■ ■ w(X {m " d)) ) d ] V '" } 

exists and equals 5 W (K). 

Proof. Following [9], we define the circled set 

F = F(K, w) := {(*, z) = (t, tX) e C d+1 :XeK, \t\ = w{X)}. 

We first relate weighted Vandermonde determinants for K with homo- 
geneous Vandermonde determinants for the compact set 

(7.17) F(D) := {(t, z) = (t, tX) e C d+1 : A G K, \t\ < w{X)}. 

Note that F C F C F(D) C F (cf., [9J, (2.4)) where F is the polyno- 
mial hull of F (recall (171i]i ): thus 

(7.18) d {H) (F) = d {H) (F(D)). 
To this end, for each positive integer d, choose 



d 



(recall (Q) points {(^^ (l ' ) )} i=1> ... >m W = {(*i,*iA«)}. =1) ^ in F(D) 
and form the d— homogeneous Vandermonde determinant 



VDMH d ({t l ,z<%...,{t w ,z^)). 
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We extend the lexicographical order of the monomials in C d to C d+1 by 
letting t precede any of zi, z d . Writing the standard basis monomials 
of degree d in C d+1 as 

{t d -iel H ' d \z):j = 0,...,d; k — 1, hj}; 

i.e., for each power d — j of t, we multiply by the standard basis mono- 
mials of degree j in C d , and dropping the superscript (d) in mffi\ we 
have the d— homogeneous Vandermonde matrix 



L 2 



in 



'-1 



in 



Z 



z 



t d 



e m »(^ K) ) 



j-ci-lj m n) 
L m n z l 



{z (rn n))d 



Factoring tf out of the %— th column, we obtain 
VDMH d ((t u (t m „, z^)) =t d ---t d mn - VDM(\W, A^); 

thus, writing |A| := | det^4| for a square matrix A, 



(7.19) 



fd 



fd 



d-lM) +d-l(2) 



t 2 z x 



(2)\d 



(™n)\d 



where = z^'/tj provided tj ^ 0. By definition of F(D), since 
faz®) = (ti,U\®) e F(D), we have \U\ < w(A (i) ). Clearly the maxi- 
mum of 

\VDMH d ((ti, z^), (t mn , z^ mn ^))\ 



m n | 



(2) 



(^r (a?v ... (Af-y 
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over points in F(D) will occur when all \tj\ = w(X^) > (recall w is 
an admissible weight) so that from (I7.19P 

max \VDMH d {{t x ,z^),...,{t mn ,z^))\ = 

max \VDM(\ {1) , \^)\ ■ w(\ W ) d ■ ■ ■ w(\ (mn) ) d - 
As mentioned in the discussion of ( 17.1 ip the limit 

lim [ max \VDMH d ((t u z^... t (t^z^))\] l/dh 

exists [19] and equals S H '(F(D)); thus the limit 

lim [max |VDM(A (1) , A (mw) )| • w(A (1) ) d • - • w(X {rnn) ) d ] 1/1 



(d+l) 



(d) 



exists and equals S W (K). □ 

Corollary 7.8. For K C C d a nonpluripolar compact set with an ad- 
missible weight function w and 

F = F(K, w) := {(t, ^) = (t, tA) G C d+1 :Aeif, |t| = iw(A)}, 

(7.20) <T(if) = d {H) (F)^ = 5(F)*P. 

Proof. The first equality follows from the proof of Proposition 17.71 using 
(I7.18P and the relation 

(see ( 17. 3p ). The second equality is ( 17. 9ft . □ 

We use this corollary to prove (15.21) . 

Proposition 7.9. Let K C <C d be compact and let w be an admissible 
weight on K . There exist a sequence of locally regular compacta {Kj} 
decreasing to K and a sequence of weights {wj} with Wj continuous and 
admissible on Kj such that Wj+i < Wj\K j+1 and Wj I w on K, and we 
have 

(7.21) lim 8 Wi {Kj) — 5 W (K). 

j->oo 
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Proof. If K is polynomially convex, we can take the {Kj} to be poly- 
nomial polyhedra; it is known (cf., [26]) that any nonempty analytic 
polyhedron P in C d is locally regular at every point in P. Note that 
the extension of w by on K\ \ K is use on K\ so that we can find a 
sequence of continuous functions {0,} on K\ which decrease to w on 
K and to on K\ \ K. Define Wj := 4>j\x;- so that Wj is a continuous, 
admissible weight function on the locally regular set Kj (when neces- 
sary, we consider Wj as an admissible weight on K\ by setting Wj = 
on Ki \Kj). Writing Qj :— — logtOj, we have Vx j ,Q j is continuous [25] . 

If K is not necessarily polynomially convex, a recent result of N. 
Q. Dieu [23J can be used to show that the closure D of any bounded 
domain D C C d with C 1 — boundary is locally regular at each point of 
D. (We remark that the weaker result that D is regular follows from 
arguments in [26]; cf., [22] p. 202). Thus we take a decreasing sequence 
{Kj} with each Kj being a finite union of closures of bounded domains 
with C 1 — boundary and repeat the construction of {wj}. 

Since Wj + \ < Wj\jc- +1 the circled sets 

Fj(D) := {(t,z) = (t,t\) G C d+1 : A G Kj, \t\ < Wj(X)} 
are decreasing and the result follows from (I7.20p and ( 17. 13ft . □ 

8. Appendix 2: Relations between Rumely formulas, and 

d w (K) vs. 5 W (K). 

As mentioned, the Rumely formulas which we proved are symmetrized 
versions of Rumely's original formulas, due to Demarco and Rumely 
[T7] . We begin by proving the equivalence of these formulas. First, 
recall for u G L + (C d ), we defined 

Pu(z) := limsup[w(Az) — log |A|] 

|A|^oo 

and 

p u (z) := limsup[u(A2;) — log |A^|]; 

|A|— >oo 

the latter we can consider as a function on P d_1 . We make the conven- 
tion in this section, until Corollary 18. 3[ that dd c = ^(2idd) so that in 
any dimension d — 1,2,..., 

I (dd c u) d = 1 
Jc d 
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for any u G L + (C d ). In terms of the Robin function px, Rumely's 
original formula (cf., [27]) takes the form 

(8.1) - \og5(K) = i [ / p K (l, t 2 , ...,t d )(dd c p K (l 7 1 2 , ...,t d )) d - 1 



d-2 



+ / p K (0,l,t 3 ,...,t d )(dd c p K (0,l,t 3 ,...,t d )) 
Jc d ~ 2 

+ ■■■+ [ Pk{0,~, 0,l,t d )(dd c p K (0,.., 0,l,t d )+p K (0, ..,0,1)]. 
Jc 

To relate this with ( 12.14(1 . we prove a generalization of this equivalence. 
Taking u = V£ and v = Vt in (18. 2p below (recall T is the unit torus 
so that pr(zi, z d ) = max[log \zi\, log \z d \]) proves that (12. 14(1 . with 
"2vr" replaced by "1," equals flO) . 

Proposition 8.1. Let u, v E L + (C d ). Then 



d-i 



(8.2) 



/ [Pu - Pv) J2(dd c p u + u)> A (dd c p v + uj) d ^- 1 

p u (l, t 2 , ...,t d ){dd c p u {l, t 2 , U))^ 1 
-\ I Pu (0,l,t 3 ,...,t d )(dd c p u (0,l,t 3 ,...,t d )) d - 2 

! C d-2 

+ --- + p u (0,0,..,0,l) 



p v (l, t 2 , t d )(dd c p v (l, t 2 , .-M)) d 1 

p v (0, 1, t 3 , t d )(dd c p v (0, 1, t 3 , *<f)) d ~ 2 
^(0,0, ..,0,1). 

Proof. We first relate the C d integrals in (18.21) to P d_1 integrals. We 
consider F d = C d U P^ 1 where, if [Z : ■ ■ • : Z d ] are homogeneous 
coordinates on P d , we identify C d with f/ := {^o 7^ 0} and P ' -1 with 
the hyperplane {Z = 0}. On U we have local coordinates 

z := (#1, z<j) := [Zi/Z , Z d /Z ). 

With a slight abuse of notation, we write 

Pu([*i ■ ■■■ ■ Zd]) = Pu{zi,-,z d ); 
we give a local coordinate relationship in equation (18. 3p below. 
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Writing Uj := {Zj ^ 0}, on Uo fl Ui, for example, by letting 
= Z /Zi, t 2 = Z 2 /Zi = (Z 2 /Z )t , td = Zd/Zi = (Zd/Z )to, 
we have 

(zi,...,z d ) = (l/t ,t 2 /t , ...,t d /t ). 
Thus we see that for u G L + (C d ), 

U(l/t ,t 2 /t ,...,t d /t ) +log|t | = u(z!,...,Z d ) — log |^i| 

which extends (since u G L + (C d )) across to = via 

limsup[u(l/to,*2/*o, ■■;td/to) + log |t |] 

= limsup[w(zi, ...,z d ) — log |2ri|] = p u (l,t 2 , ...,t d ). 

\zi\— >oo 

In particular, in local coordinates t 2 ,...,td on P d_1 fl U\ with \t\ 2 = 
1^2 1 2 + ■ • • \t d \ 2 , we have 

(8.3) p u ([l : t 2 : ■ ■ ■ : t d }) = p u (l, t 2 , ...,t d ) - - log(l + \t\ 2 ) 
so that 

dd c p u + u = dd c p u (l, t 2 , t d ). 
We can use this to rewrite 

(8.4) / p u (l,t 2 ,...,t d )(dd c p u (l,t 2 ,...,t d )) d - 1 
Jc 1 - 1 



+ / p u (0,l,t 3 , ...,t d )(dd c p u (0,l,t 3 , ...,t d )) 



d-2 



+ --- + p n (0,0,...,0,l) 

as integrals over P^ -1 . Following [17J, we introduce coordinate- wise 
Robin functions on P d_1 . We write the projectivized Robin function as 

g u ([zi : • • • : z d \) := p u {[zi : • • • : z d \) = lim sup[w(Az) - log \\z\] 

[A|— >oo 

and, for j = 1, d we define the coordinate- wise Robin functions 
gj([zi : ■ • • : z d ]) = 9u,j([ z i '■ ' • • '■ z d\) ■= limsup[w(A2:) - log \\Zj\]. 

|A|— >oo 

Clearly on P d_1 n f/j, we have 

9u = 9j-<fr 
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where is a potential for u; i.e., dd c (f) = u>. This relation, together with 
(IQl . shows that on P 6 ^ 1 n E/ x , we have 

5-i = p u (l,t 2 , ...,*d). 

We write 1} := [Zj = 0] for the current of integration over the 
hyperplane {Zj = 0}. It is straightforward to see that 

dd c gj + Tj 

is a globally defined (1, 1)— current on P d_1 ; indeed, writing 

T u := dd c g u + w, 

we have 

dd c gj + Tj = T u . 

In particular, 

T u = dd c gj on P^ 1 n Uj. 
We leave it as an exercise to show that (j8.4p can be rewritten as 

(8.5) / [g^t 1 + g 2 Tt 2 A H + - • • + g A T x A • • • A T^J . 
We give the proof in the case d = 2. We want to show 

(8.6) / p u (l, t)dd c p u (l, t) + p u (0, 1) = / (^T u + g 2 T l ). 
Jc Jf 

We saw that on C = P D Ux, gi = p«(l, t) and 

T u = dd c g u + oj = dd c gi = dd c p u (l, t) 

so that 

/ p u (l,t)dd c p u {l,t) = / gxT u . 
Jc Jf 
In a similar fashion, we can write g 2 in local coordinates on C = PR U 2 
as g 2 = p u (t, 1) so that g 2 T x = p u (0, 1), yielding flS3>J). 
Next, using the identities 

dd°gj = T U - Tj, j = 1, ...,d, 

for any n — 0, 1, d we can rewrite 

w n A Tt n ~ l ~ u n A Ti A • • • A T d _ n _x 

as 

w n A [dd^i A T*- n - 2 + dcf # 2 A T*~ n - 3 A 7\+ 
• • ■ + dd c g d ^ x A Ti A • • ■ A T d _„_ 2 ] . 
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Integrate g u with respect to this (d— l,d— 1) current over P d_1 : 

/ g u [uj n A Tt n - 1 - uJ n A T x A • • • A TWi]; 

the integral is finite as it is a difference; then using the identity and 
integrating by parts to move dd c from g$ to g u and using dd c g u = T u — u, 
we get 

/ y;^ + i(T„ - W )Aw n A Tt n - J - 2 A Ti A • • • A T r 

Now we leave it as an exercise, using this calculation, to show that (18.51) 
can be rewritten as 

. d-l 

/ 1 'av, a...av; ; 

. d-l 

y\(j9d-j - 9u)u ] A Ti A ••• A T^-i 

(see [17] . p. 149). But since gu — g u = log |z| — log |zfc| this last sum 
is independent of u. Thus if we apply this rewriting of (18.51) to two 
functions u and v in L + (C d ), the difference becomes 

/d— 1 -d-l 
£ ^ A T^- 1 - / £ A T^'- 1 . 

However, using uj = T v —dd c g v in the first sum, and using u = T u —dd c g u 
in the second sum, it is straightforward to rewrite this difference as 

» d-l 

V-i i=0 

which gives (18.21) . □ 

We next prove (12.191) . the relationship between the two weighted 
transfinite diameters d w (K) and S W (K), following [13]. We use the 
version of Rumely's formula in (18.11) . We begin by rewriting (18.11) for 
regular circled sets K using an observation of Sione Ma'u. Note that 
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for such sets, V£ = p\ := max(pK,0) (cf., [H], Lemma 5.1). If we 
intersect K with a hyperplane % through the origin, e.g., by rotating 
coordinates, we take % = {z = (zi, z d ) G C d : Z\ = 0}, then K fl "H 
is a regular, compact, circled set in C d_1 (which we identify with %). 
Moreover, we have 

Phhk(z 2 , z d ) = p K (0, z 2 , z d ) 

since each side is logarithmically homogeneous and vanishes for all 
points (z 2 , Zd) G d(H fl K). Thus the terms 



d-2 



px(0, l,t 3 , ...,t d )(dd c p K (0, l,t 3 , ...,td)) 



+ ••■+ / p K (0,..,0,l,t d )(^ c px(0,..,0,l,t d )+px(0,..,0,l) 
in 08. II) are seen to equal 

(d- 1)5^ (HnK) 

(where we temporarily write 6 cd 1 to denote the transfinite diameter in 
l^jo-i f or emphasis) by applying (18 .ip in C d_1 to the set %r\K. Hence 
we have 

PK {1, t 2 , t d ){dd c p K {l,t 2 , t d )" d - 1 



(8.7) -\og5{K) = -f p K (l,t 2 ,...,t d )(dd c p K (l,t 2 ,...,t d )) c 

a j£d-i 

Theorem 8.2. For K C C d a nonpluripolar compact set with an ad- 
missible weight function w, 

(8.8) 5 W {K) = [exp (- / Q{dd c Vl Q ) d )] l ' d ■ d w {K). 

Jk 

Proof. We first assume that K is locally regular and Q is continuous so 
that Vk,q = Vrq- As before, we define the circled set 

F = F(K, w) := {(t, z) = (t, tX) G C d+1 : A G K, \t\ = w{\)}. 

We claim this is a regular compact set; i.e., Vp is continuous. First 
of all, Vp(t,z) = ma.x[p F (t, z), 0] (cf., Proposition 2.2 of [§]) so that it 
suffices to verify that pp{t,z) is continuous. From Theorem 2.1 and 
Corollary 2.1 of [9], 

(8.9) V K , Q (X) = p F (l,X)onC d 
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which implies, by the logarithmic homogeneity of pp, that pp{t,z) is 
continuous on C d+1 \ {t = 0}. Corollary 2.1 and equation (2.6) in [U] 
give that 

(8.10) p F (0, A) = p KtQ {\) for \eC d 

and Pk,q is continuous by Theorem 2.5 of [12]. Moreover, the limit 
exists in the definition of Pk,q'- 

Px.q(A) := limsup[y R r iQ (U) - log |t|] = lim [V K:Q (t\) - log |t|]; 

and the limit is uniform in A (cf., Corollary 4.4 of [Hj) which implies, 
from (18.91) and (18.101) . that lim^o PF^t, A) = pjr(0, A) so that pi?(t, 2) is 
continuous. In particular, from Theorem 2.5 in Appendix B of [28] , 

Vk,q(X) = Q(A) = Pf(1, A) on the support of (dd c V K>Q ) d 

so that 



(8.11) / Q(A)(rfrf c VV,Q(A)) d = / PF (l,A)(^ c P F(l,A)) d . 
Jk Jc d 

On the other hand, K™ := {A G C d : px,g(A) < 0} is a circled set, and, 
according to eqn. (3.14) in |12j . 

(8.12) d w {K) = 8{K™). 

We remark that (I8.12p is highly nontrivial; however, as Theorem 18.21 is 
not our main objective in these notes, we omit the proof. But 

Px,q(A) = limsup[Vfc,g(tA) - log \t\] 

\t\ — >oo 

= limsup[pi?(l, tX) — log \t\] = lim sup p_p(l/t, A) = pjr(0, A). 

\t\— >oo \t\— >oo 



Thus 



K w p = {A G C d : p F (0, A) < 0} = F n H 
where H = {(t, z) G C d+1 : t = 0} and hence 

(8.13) d w (K) — 5(K™) — 5(F n H). 
From KS2D applied to F C C d+1 , 

(8.14) _lo g( J(F) = ^ I / p F (l,A)(dd c pF(l,A)) c 



+(^7)[- lo g<K Fn ^)]- 
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Finally, from (I7.20p (note F = F since w is continuous), 
(8.15) 5 W (K) =5(F)^; 

putting together flBTTT]) . fl8TT3|) . f lHTHj) and (18TT5D gives the result if K 
is locally regular and Q is continuous. 

The general case follows from approximation. Using Proposition 17.91 
we can take a sequence of locally regular compacta {Kj} decreasing 
to K and a sequence of weight functions {wj} with Wj continuous and 
admissible on Kj and Wj j. w on K and by (17.211) we have 

lim 8 Wi {Kj) = 5 W {K). 

j->oo 

From (I7.12p we have 

lim d w i{Kj) = d w {K). 
Applying (I8.8P to Kj,Wj,Qj and using these facts, we conclude that 
lim/ Q J (dd c V K ^) d = lim / V K . jQ .(dd c V Kj>Qj ) d 

exists. Since Vk^q, t ^ka a - e -> ^y Lemma 3.6.2 of [22], the measures 
V KjtQj (dd c V Kj! Q 3 ) d converge weak-* to V^ Q (dd c V^ Q ) d so that 

lim / Qj(dd c V K Qj ) d = [ Q(dd c V£ Q ) d , 

completing the proof of (18. 8p . □ 

As an immediate corollary, we obtain the symmetrized version of 
Rumely's original weighted formula, equation (12.181) . Here we revert to 
the convention used prior to this appendix that dd c = 2idd. 

Corollary 8.3. Let K C C d be compact and w be an admissible weight. 
Then 

-logd w (K) = 1 / \~ P k,q-Pt} f^{dd c p K , Q +ujyA{dd c ~p T +uj) d -i- 1 . 
Another proof of Theorem 18.21 has been given by Nystrom in 
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